Measurement and identification of pneumatic tyre parameters by Jiajun Wang (512021)
r--:I'rN • ..,1h , , f~"'''''::- -,~' , "",';;-J)om~';;;,h I I ,;~~::~:<:~~-~-
~-.-."~-~--,-----~----_. I hec pw. 0 ~O \ ~5b , 3!.. 
I~D~'t;-.--· ~---~'---06\\7...-
-- ---~-
! 
I 0401356736 
111111 IIIIII~I 
------------------------
Measurement and identification of pneumatic tyre 
parameters 
Jiajun Wang 
MEng 
A thesis submitted in partial fulfilment of the requirements for the award of the 
Degree of Master of Philosophy 
Department of Aeronautical and Automotive Engineering 
Loughborough University 
September 2011 
Abstract 
This report deals with the measurement and identification of important 
parameters of various tyre models. Being a necessary step in the process of 
tyre related simulations, tyre testing is an important subject. In particular, 
making the test procedure simpler, more efficient and test results more ac-
curate is what explored the most. For this project, after extensive studies 
on tyre modelling and testing, two problems were chosen to tackle. The first 
problem is tyre structural parameter identification being too difficult to carry 
out and time consuming, tyre modal testing in particular. The second prob-
lem is the usage of simple tyre models is limited due to they are normally 
parameterized on expensive professional tyre testing machines which are not 
commonly found in normal labs. In this study, it focuses on the identification 
of longitudinal relaxation length. 
In order to deal with the first problem, a convenient and effective ap-
proach of extracting tyre modal parameters is established. Compared with 
the conventional multi-degree curve fitting method, this new developed ap-
proach improves the efficiency and simplifies the curve fitting process dra-
matically while still maintaining adequate accuracy. In terms of solving the 
second problem, the development of a tyre relaxation length test is initiated . 
. Virtual simulations using Matlab/Simuiink have been carried out which has 
verified its principle. Feasibility, equipment design and the proposed test 
procedure of the practical test will also be discussed. 
KEYWORDS 
Vehicle Dynamics, Tyre modelling, Tyre parameter identification, Tyre 
modal testing, Tyre relaxation length testing, NVH 
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Chapter 1 
Introduction 
Pneumatic tyres represent one of the most important components of 
ground vehicles. They are responsible for carrying the vehicle's weight, filter-
ing out road irregularities thus improving ride comfort and generating control 
forces such as braking, traction and cornering forces. 
At the design stage of vehicles it is important to be able to predict their 
ride and handling characteristics in a virtual environment, in order to re-
duce the costs involved in building and testing prototype vehicles. In this 
process it is necessary to implement numerical tyre models that are able to 
predict tyre behavior and its associated effect on the vehicle's response. Tyre 
models vary in complexity from simple models appropriate for the prediction 
, 
of steady-state or slowly varying cornering/braking forces, to complex mod-
els appropriate for highly transient manoeuvres and NVH (noise vibration 
harshness) studies. In all cases tyre models require successful identification 
of their parameters prior to implementing them in a simulation environment, 
in order to provide dependable results. 
1 
1.1 Motivation 
Figure 1.1: Typical structure of a radial tyre [11 
Broadly speaking, there are three sets of parameters usually encountered 
in tyre models, i.e. geometrical parameters, structural parameters and fric-
tional parameters. The first are directly obtained by measurement of the 
physical dimensions of tyre features. The second by structural testing, e.g. 
modal testing to identify natural frequencies and damping ratios and the 
third by friction testing using specially designed test rigs. Apart from the 
basic geometrical parameters all other are generally very difficult to identify, 
to the extent that the usefulness of certain tyre models depends largely on 
the ease of identification of their parameters. Especially with high fidelity 
tyre models that attempt to capture the complexity of a tyre as illustrated in 
2 
. Fig. I. 1 , .parameter identification might prove extremely costly and time con-
suming. The work presented in this thesis aims to propose practical methods 
for the economical identification of certain tyre parameters. These methods' 
are designed, to be feasible in typical laboratory environments without the 
implementation of expensive tyre-testing equipment. 
1.2 Aim and Objectives 
. In this study, two goals were set. The first goal is to develop a simpler 
and more efficient procedure for identifying tyre structural parameters .. The 
second goal is to develop a procedure for simple tyre model's parameter 
identification using an existing low cost tyre rig. 
Structural tyre parameters such as various natural frequencies and damp-
ing ratios are required by a multitude of tyre models as will be discussed in 
Chapter 2. Their identification is based on commonly implemented tech-
niques such as modal testing. Tyre modal testing has been proven to be 
feasible in previous studies[57, 58, 59, 60, 61, 62], however, problems still ex-
ist. The lower order modes of a tyre lie close to each other [21], which makes 
damping ratios of these modes difficult to identify.. Moreover, the mass-
normalised .eigenvectors are required in many cases. These requirements 
call for the accurate measurement of several FRFs (frequency response func-
tions) at different points on the tyre structure. Simultaneous identification 
of a number of natural frequencies and the associated damping ratios and 
eigenvectors results in a multi-parameter identification problem, which, in 
general is difficult to solve. Thus, both in terms of experimental set-up and 
post processing, tyre structural parameter identification is a difficult task. 
Following from the above, the first aim of the work presented herein is to 
3 
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explore tyre modal testing both in terms of experimental procedure and post-
processing and to propose a novel method for the identification of structural 
parameters using a repetitive approach for partial FRF fitting, instead of 
identifying all structural parameters simultaneously. 
-" 
As ~entioned previously, structural parameters such as natural frequen-
cies and damping ratios are useful for a number of different tyre models, typ-
ically of high fidelity. At the lower end of tyre model fidelity, simple transient 
manoeuvres can be tackled by a combination of a steady-state tyre model 
such as the Magic Formula[2] and a single contact point model (SGP) [2] 
(both are described thoroughly in chapter 2). Single contact point models 
operate on the concept of the lateral and longitudinal relaxation lengths [2]. 
These two parameters are of a structural nature, representing the lateral 
and longitudinal compliance of the tyre carcass 1,lnder cornering and brak-
ing, respectively. Their successful identification allows the simulation of low 
bandwidth transient manoeuvres using simple tyre models. 
The second aim of this thesis is to propose a method for cost-effective 
identification of the relaxation length, using a low-cost tyre test rig, nominally 
inappropriate for transient tyre testing. The test rig is deemed inappropriate 
due to its very low bandwidth, which interferes with the transient response 
of the tyre, hence affecting the calculation of the relaxation length. In order 
to overcome this problem, a method is proposed where the dynamics of the 
test-rig are explicitly taken into account in the identification and therefore 
the relaxation length estimation is not affeCted by them. Whereas the lateral 
relaxation length is more commonly used in the literature, the present work 
focuses on the longitudinal relaxation length, simply due to the ability of the 
existing tyre test-rig to safely apply transient braking excitations, necessary 
in the identification procedure: . The method, however, is also applicable in 
4 
the lateral case.lllld the extension of the concept is rather straightforward. 
In the process of identifying the longitudinal relaxation length, the braking 
stiffness will also be identified. Accordingly, the cornering stiffness could be 
identified by expansion of the method to the lateral case. 
In order to realise the above aims, a list of objectives was drafted, to direct 
the work and provide the necessary milestones for progress assessment. These 
objectives are given in the following list: 
1. Carry out a: thorough literature r~view in order to understand the pa-
rameter requirements of various existing tyre models 
2. Set-up and perform tyre modal testing 
3. Develop a post-processing te~hnique for identification of tyre structural 
parameters, i.e. natural frequencies, damping ratios and the corre-
sponding eigenvectors 
4. Develop a virtual model of the existing tyre test rig including a SPC/MF 
model 
5. Develop a parameter identification method for the longitudinal relax-
ation length 
6. ImplEiment and assess the method in a virtual environment by adding 
artificial noise to the measured signals 
7. Evaluate the success of the identification method and specify additional 
equipment required in order to physically implement the method 
5 
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Chapter 2 
Literature review 
In this chapter, focus lies on providing essential background knowledge 
of tyre modelling. A few popular tyre models among industry users will be 
introduced as well as their parameter identification methods. The reason 
that theories of different tyre models are essential is due to the fact that 
it is impossible to understand the parameter identification process without 
understanding the principle of the tyre models first. Although the litera-
ture is rich in theories of tyre models, when it comes to detail procedure on 
parameterization of a specific tyre model, little information can be found. 
Deriving from different modelling theories, a tyre model can be as simple 
as only having a few parameters such as the Single Contact Point model 
[8] to as complex as having large group of parameters such as the Ftire [3]. 
Despite the difference in models' complexity, what they all have in common 
is the parameterization processes are all time consuming and equipment de-
manding. This very fact provides great driving force for optimization and 
simplification on test procedures. 
In this chapter, models are introduced categorized by their bandwidth in 
6 
terms of the frequency range of simulation: Representative tyre models from 
each category will be introd~ced. The reason of categorizing tyre models in 
such a way is because the complexity of a model is normally proportional to 
its bandwidth. Never the less, the parameter identification procedure of a 
• 
higher bandwidth model normally covers the area of a lower bandwidth tyre 
model. 
2.1 Steady-state model (0 bandwidth) 
Formula' 
Magic 
The' Magic Formula tyre model is a well known and widely used tyre 
model, the first commercial Magic Formula became available in 1980s [4]. 
What the Magic Formula intends to describe is the relationships between a 
tyre's steady-state force/moment vs. slip level. Being a steady-state model, 
the result of the Magic formula depicts the final state of tyre force/moment 
when slip is applied. It can be said that the Magic Formula has zero band-, 
width in terms of describing the tyre's transient response. 
Essentially, the Magic Formula is merely a mathematical function describ-
ing contact friction characteristics according to slip input in the longitudinal 
and lateral directions. The function itself holds no physical meanings as it 
only intends to match the friction characteristics of a tyre under different slip 
inputs. 
For a typical tyre' and road condition, the force generation on the tyre 
caused by slip follows certain characteristics (Fig.2.1). When a tyre is applied 
with low slip in either longitudinal/lateral direction, static friction holds the 
" ' 
tyre firmly to the ground, the tyre force varies linearly with slip level. As the 
7 
slip level increases, the sliding region on the contact patch starts to build up 
, 
where kinetic friction dominates gradually which results in the nonlinearity 
of force/moment characteristic. 
--,._------- --.-
S-nollliiiear. range/ 
·10 
Longitudinal Slip (0/01 . 
Figure 2.1: Typical contact force char~cteristic (longitudinal) [3]. 
It is obvious that the force/moment characteristic is a combination of 
different friction effects, however, the Magic Formula simply uses a mathe-
matical function to match the characteristic regardless the friction effect is 
being taken place at the corresponding slip level. Due to the fact that this 
model is derived from experimental observations, it has very good accuracy 
up to certain slip level[5]; For this reason, the Magic Formula is later adopted 
by the SWIFT-tyre model [11] as the contact model which is accounted for 
caicui<iting tyre force and moment generation on the contact patch. 
In order to introduce the Magic Formula, the term slip ratio has to be 
defined first. The commonly used practical slip can be defined as: 
8 
Lo.ngitudinal slip: the ratio. between the slip speed and the wheel fo.rward 
speed (Eq.2,1[2]). In the braking case, v;. < V$; in the accelerating case, 
v;. > V$' In o.rder to. make the lo.ngitudinal slip po.sitive during accelerating, 
negative during breaking, a minus sign has to. be added to. the equatio.n. 
(2.1) 
Lateral slip: it is defined as the ratio. between lateral slip speed v.y and 
wheel fo.rward speed V$ in Eq.2.2[2]. 
. v.y tana=--
V$ (2.2) 
y = Dsin[Carctan {Bx - E(Bx -arctanBx)}] (2.3) 
Y(X) = y(x) + Sv (2.4) 
x =X + SH (2.5) 
• B stiffness factor 
• C shape factor 
'. D peak value 
• E curvature factor 
• S H horizontal shift 
• Bv vertical shift 
9 
• 
Eq.2.3-Eq.2.5 shows the main body of Magic Formula [2], note that the 
commercial version of Magic formula such as the Pacejka 89/94 and the MF-
Tyre [3], contains many more parameters including various coefficients and 
tuning factors. It can be seen from Eq.2.3 that only four parameters are 
required in the main equation. In Eq.2.3, where x is the slip ratio, it can be 
either longitudinal in percentage or lateral slip in degree, y is the result, it 
can be longitudinal force Fx , lateral force Fy , or aligning moment M •. Among 
them, B,G,D,and E are factors ofthe equation while SH and Sv are horizon-
tal and vertical offsets to compensate the shift of curve caused by ply-steer, 
conicity or cam:ber thrust. Fig.2.2 depicts a Magic Formula curve fitted to 
Normalized lateral force tyre data. Normalization is performed by dividing 
the tyre force with the peak force J1.Fz and plotting against the normalized 
slip n, which is derived by dividing the lateral slip with J1.F./GF o<' The latter 
quantity represents the slip value where the maximum tyre force would be 
expected, if the tyre force curve were linear, i.e. if it were governed by its 
initial gradient only. Furthermore, the initial gradient of the curve is known 
as. cornering stiffness GFo< for lateral case or braking stiffness GF~ for longitu-
dinal case. These are the important parameters which this study intends to 
determine. Differentiation of Eq.2.3 at zero slip yields the cornering/braking 
stiffness (initial gradient) as: 
(2.6) 
As the essence of Magic Formula is a friction model, parameterization of 
it is expected to be measurements of tyre friction properties[7j. This type of 
test is normally conducted on test machines shown in Fig. 2.3 or Fig. 2.4. 
In the case of drum machine, the radius of the drum has to be big enough 
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Figure 2.2: Normalized Magic Formula (lateral) [2] 
in order to minimize the alteration of contact characteristic cause by the 
curvature of the drum [2]. On the hub where the test tyre is mounted, there 
are strain gauges or piezo-electric force measuring elements which are able 
to measure forces and moment in several directions. In order to generate 
tyre force, a slow sweep of side slip or brake slip can be applied to the test 
tyre during the test. Measured signals are then processed and averaged. As a 
result, tyre steady-state force and moment slip characteristics are established. 
Also, different operation conditions such as different friction conditions on the 
road, normal loads or camber angles can be applied from the test machine. 
2.2 Low bandwidth model (up to 8Hz): single 
contact point model 
In the previous section, the Magic Formula which describes the tyre 
11 
Figure 2.3: Delft tyre test trailer [2] 
steady-state characteristics was introduced; unlike the Magic Formula deal-
ing with tyre steady-state force and slip relationship, Single Contact Point 
(SCP) models are used for tyre transient response calculation. ~eing low 
bandwidth simple models, the SCP models are able to accurately simulate 
a tyre's response up to 8Hz slip input [11]. What a Single Contact Point 
model intends to describe is the response of the tyre when small slip input 
is applied. In which case, tread remains adhesive with ground surface while 
the sidewall undergoes deformation creating phase lag effect in the buildup 
. of force/moment relative to the applied slip in the time domain. In that 
situation, tyre mass moment inertia about the spinning axis and contact 
patch effect can be neglected [2], hence, the response characteristics of a tyre 
in terms transient slip ratio can be described using a first order differential 
equation shown in Eq. 2.7 [21. 
(2.7) 
12 
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Figure 2.4: The MTS drum machine [9] 
Express Eq. 2.7 in terms offorces can be achieved by simply multiplying 
braking stiffness CFK to both sides of Eq. 2.7, which gives: 
(2.8) 
In Eq. 2.7,,, is the slip ratio that the tyre will achieve at its steady 
state, while ,,' is the transient slip which is the slip that the tyre is actu-
ally undergoing during force build up. In both equations, 17. is termed the 
" . 
"relaxation length" and its physical meaning can be understood as follows. 
Assuming an initial condition of 0 in Eq.2.8, the solution of it can be written 
v 
as Fx = Fxss(l- e-t~). This solution indicates that at t = l7a/Vx where the 
tyre has travelled the distance of the relaxation length, the transient force 
has built up to the level of 63.3% of the steady-state force under the same 
slip input. The significance of the relaxation length is that the description of 
tyre response characteristic is condensed into only one parameter. Knowing 
this parameter, low bandwidth tyre response simulations can be carried out. 
13 
The SCP's first order differential equation suggests the tyre behaviors as 
a spring-damper element low-pass filter. In essence, the relaxation length 
is a parameter which reflects carcass compliance level. Apparently, it will 
be influenced under different working conditions such as different normal 
loads applied and inflation pressures. In previous studies[2, 10], it is found 
that the relaxation length can be affected by four different factors which are: 
tyre load, inflation, pressure, wheel travel speed and the level of slip input 
applied. Fig.2.5 shows how the relaxation length is influnced by wheel speed 
and normal load. The relationship between slip level and relaxation length 
can be seen from Fig.2.6, where apparently under higher slip input, force 
reaches its steady state level much earlier. In other word, higher slip input 
shortens the relaxation length. 
Finding the relaxation length characteristic under different working con-
ditions is very useful for handling simulations. For example, in the case of 
a vehicle being steered while accelerating/braking, it can be expected that, 
du~ to weight transfer, tyres on front and rear, left and right will respond 
differently to slip inputs due to the change of carcass compliance. In the 
proposed relaxation length test, the test tyre will be subjected to different 
vertical loads where different a~ will be calculated. As a result, an empirical 
model of relaxation length can be established for this type of vehicle handling 
analysis. 
In terms of the measurement of relaxation length, tests can also be con-
ducted on machines previously shown in Fig. 2.3 or Fig. 2.4, where periodic 
side slips or brake slips are applied on the test tyre. The force measuring 
elements on the wheel hub can then record the force build up in the time 
domain, relaxation length can then be calculated. The highest frequency of 
14 
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Figure 2.5: Relaxation length in various speeds and normal loads [10] 
input allowed to be applied during the relaxation length test is limited by 
the first resonance ofthe test rig, hence, to achieve greater useful bandwidth, 
the test rig, especially the part connected to the test tyre has to be made 
as rigid as possible, to ensure that the lowest natural frequency is far above 
the test bandwidth. It is obvious that, this requirement only leads to heavy 
machinery, which is one of the very reasons that normal test lab is not ca-
pable of performing transient tyre parameter testing. In this study though, 
the resonance of the test rig is expected and it will be dealt with in analogy 
to the tests carried out by Bandel et al. [10]. Further details of the test. 
principle and test set up can be found in Chapter 4. 
Apart from applying periodic side slip directly, another popular method 
of testing lateral relaxation length is the swing arm test which originates 
from Bandel et al. [10](Fig. 2.7). The test tyre which runs on the rolling 
drum is attached to a swing arm with the length of 1m: Simple dynamic 
15 
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Figure 2.6: Transient force response under different lateral slip input[ll], the 
higher slip input results in earlier saturation. 
model of this ''pendulum'' coupled with the relaxation length model can then 
be established to simulate the test. The test begins with displacing the 
swing arm with an initial angle, subsequently, the test tyre and the arm 
swings across the rolling drum periodically due to the tangential lateral force 
generated on the tyre caused by the initial angle displacement. During the 
process, relevant. response signals are recorded. Relaxation length can then 
be calculated using the established model and the response signals. The 
advantage of using such a method is that the test tyre will be subjected to 
almost pure lateral slip due to the structure of the test machine. 
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Figure 2.7: Swing arm tyre test machine configuration [10] 
2.3 Intermediate bandwidth model(up to 100Hz): 
SWIFT-tyre Model 
The SWIFT·tyre model (Short Wavelength Intermediate Frequency Tyre) 
is an intermediate bandwidth tyre model suitable for applications of durabil-
ity studies, shimmy analysis; chassis control system evaluation (ABS, ESP) 
and cornering on uneven roads: Accuracy wise, the SWIFT·tyre model has 
been experimentally proven up to the bandwidth of 100Hz[3]. 
In terms of model type, the SWIFT- tyre is a hybrid of physical model and 
empirical model [12, 13, 14]. It consists of four sub models each is accounted 
for a specific application, these four sub models are: 
1. Magic Formula; 
2. contact patch slip model; 
3. rigid ring model; 
4. obstacle enveloping model; 
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Figure 2.8: Structure of Swift-tyre model[3J. 
As Fig.2.8 and Fig.2.9 shows, the tyre belt is represented by a rigid ring 
with inertia, attached to the wheel rim via series of spring and damper el-
ements' providing the corresponding degrees of freedom .. Constructing the 
tyre belt in such a way is due to the fact that in the frequency range of 
below 100Hz, the belt's dynamic behavior is largely dominated by its lower 
order rigid-ring modes. This means that the model is accurate in the fre-
quency range where the influence of the bending modes can be neglected. 
For the sake of having good efficiency, the feature that rigid ring mode domi-
nates bandwidth below 100Hz is also adopted by the more complex Ftire and 
RMOD-K models where there are rigid ring models available as the simplified 
version of the complex model when simulation is carried in that frequency 
range [2J. Depending on the tyre properties, the rigid ring assumption nor-
mally suffices up to 50-60 Hz for lateral behavior and up to 100 Hz for vertical 
and longitudinal behavior[3J. 
In terms. of the calculation of in-plane and out-of-plane shear forces, and 
moments, the Magic Formula is adopted due to the proven good accuracy. 
The slip range of the Magic Formula is usually available up to 15 degrees 
side slip wise, 100% brake slip and 5 degrees of camber angle for different 
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Figure 2.9: Structure of Swift-tyremodel[ll]. 
verticalloads[ll]. 
The single contact point based SWIFT-tyre is able to cope with wave-
lengths as small as two times the contact patch length, for shorter obstacles 
a method of describing the tyre's enveloping behavior is applied. The road 
profile is discredited into series of different step obstacles where the envelop-
ing effect of the tyre is described with so-called basic functions. This method 
has been validated for isolated obstacles up to 10% of the tire radius, and 
provides an accurate prediction of vertical load, longitudinal force and wheel 
rotation fluctuations. Also with meaSured road profiles, good correlation has 
been found with vehicle measurement data[3]. 
The bandwidth of the SWIFT-tyre is sufficient for most handling analysis 
on even/uneven road, for durability or ride comfort simulation purpose, its 
capability maybe limited when dealing with rough road. The bandwidth of 
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most possible driving manoeuvres in vehicle simulations is listed in Table 
2.1. It can be seen that, on even/uneven roads, maximum bandwidth re-
quired from the tyre model is no greater than 30Hz, when it comes to rough 
road, whether the SWIFT-tyre is capable should be carefully examined since 
the spatial frequency input from rough road to the tyre might exceed the 
bandwidth of the model. In other word, the frequency content of road input 
in terms of road profile which varies with wheel travel speed might be higher 
than SWIFT~tyre's bandwidth. 
driving manoeuvres road surface bandwidth in Hz 
Standstill 
hydropul even F~ :< 30 
steering even Mz : static 
starting even Fz :< 5, Ft;:< 5 
Straight line 
cons~ant speed even Fz : static, Fz : static 
uneven FJ/j :< 30, Fz. :< 30 
rough 
accelerating/braking even FM :< 5, Fa: :< 5 
uneven F" :< 30, Fa: :< 30 
rough 
jolting even Ft/;:< 5 
shimmy even FII :< 30, MI6 :< 30 
longitudinal ruts even F% : static, F" : static, Mz : static 
cross-wind section even F: : static, F" :< 5, Mz :< 5 
I' - step even Fr. : static, Fill :< 5, FlI :< 5, M; :< 5 
Curve driving 
step steer input even Fz:< 5,Fy :< 5,Mz ,:< 5 
steady state circle even Fr. : static, Fz : : static, FlI : static, Mz : static 
uneven Fz :< 30, Fy :< 30, }'1; :< 30 
, 
rough· 
power offjaccel/braking even F::< 5,Fz :< 5,Fy:< 5,M,:< 5 
uneven F: :< 30, Fz :< 30, FII :< 30, M: :< 30 
sinusoidal steer input even F: :< 5,Fz :< 5,Fy .:< 5,M, :< 5 
J.' - step even F: : static, F:r; :< 5, Fy :< 5, M: :< 5 
Table 2.1: Most possible driving manoeuvres in vehicle simulation[15]. 
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The parameterization of the SWIFT-tyre is a complicated process since 
the model consists of large groups of parameters compared to the simple 
tyre models mentioned previously, even more than the higher bandwidth 
Ftire model[3J-, These parameters describe tyre size, mass moment inertia 
of the tyre relative to different axes, stiffness and damping properties of the 
carcass, friction properties of the tread band and large numbers of coefficients 
and tuning factors. Since the Magic Formula is used as the contact model, 
the procedure of identifying parameters of Magic Formula can be used for 
the SWIFT-tyre directly. The rest of the parameters are expected to be 
time consuming to obtain and fine tune in order to achieve an accurate 
model. Varies of SAE standardized test procedures for identifying different 
tyre parameters can be followed, as listed in Table 2.2. 
SAENo. Test subjects 
J2704 normal force deflection, contact patch size 
J2717 tyre size, mass, inertias 
J1106 steady state force and moment 
J2718 steady state forces vs. tyre deflection 
J1987 forces and moments 
Table 2.2: SAE standard tests suitable for parameterizing SWIFT-tyre[16, 
17, 18, 19, 20J. 
2.4 Medium bandwidth model(up to 200Hz): 
Ftire 
The Ftire is a physical model designed for ride and handling simulations. 
Unlike the SWIFT-tyre that only considers the tyre belt's behavior up to the 
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rigid ring frequency range, the Ftire also consider the influence of tyre belt 
bending modes, specifically up to the first bending mode[22]. As a result, 
the Ftire is able to handle horizontal motion wavelength further down to 5 
to 15cm. Simulation of tyre rolling over arbitrary, uneven, sharp edged road 
profile can be performed by the Ftire[23, 25, 26, 27]. 
Figure 2.10: Friction elements of Ftire [24]. 
Fig.2.1l depicts the structure of the Ftire tyre belt model. The flexible 
belt consists of 80 to 200 mass segments attached to each other via spring and 
damping elements which have five degrees of freedom. Being constructed in 
such a way, the belt model is able to describe eigenvectors ofthe first in-plane 
bending mode or even higher modes of the tyre belt accurately. As a result, 
Ftire has a bandwidth of up to 200Hz[24]. On each belt segment, 1000 to 
100000 bristle friction elements are connected in order to calculate friction 
force (Fig.2.10). A thermal model can participate into friction calculation 
which gives rise to influence of temperature changing on friction as well as 
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inflation pressure. 
Figure 2.11: Structure of Ftire belt model [24] 
In order to use Ftire, three groups of parameters have to be obtained. 
Being a physical model, geometry and size of the tyre have to be considered, 
which is the content of the first group's parameters namely tyre size, tread 
size, and their operation conditions; group two are structural parameters of 
the tyre belt and tread such as natural frequencies and damping ratio of the 
belt's natural modes. Group three consists of contact related parameters, 
such as static and kinetic friction coefficients at different contact pressures. 
Table 2.3 lists the three groups of parameters. It can be said that, most 
parameters of Group One can be determined without much difficulty by 
either direct measurements or the information is normally provided by man-
ufacturers. 
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Group Parameter Identification method 
tire Dimension (eg.195/65 R 15) labelled on tyre sidewall 
inflation pressure meaaure 
unloaded radius meaaure 
rolling circumference measure 
rim diameter measure 
Group 1 tread width measure 
tread depth meaaure 
tire mass measure 
dynamic stiffening (%) 
speed at half dynamic stiffening 
belt extension at 200 kmh 
In_plane rotational mode frequency and damping ratio moda.l testing 
in_plane translational mode frequency and damping ratio modal testing 
out_of_plane rotational mode frequency and damping ratio modal testing 
Group 2 belt in-plane bending stiffness 
belt out-of-plane bending stiffness 
tread rubber stiffness 
tread rubber damping 
sta.tic and sliding friction coefficient at O.Mar contact pressure measure or estimate 
Group 3 static and sliding friction coefficient at 2bor contact pressure measure or estimate 
static and ,sliding friction coefficient at 10bo,. contact pressure meaaure or estimate 
Table 2.3: Ftire parameteres [31 
Group Two parameters are obtained by performing modal testing for rigid 
ring modes and bending stiffness testing. The reason of not using bending 
mode frequency directly in analogy to rigid ring modes is due to the fact 
that bending stiffness obtained by using measured natural frequency nor-
mally does not agree with directly measured bending stiffness, possibly due 
to the participation of sidewall. As a result, the establishment of bending 
stiffness can be either by providing bending mode natural frequency which is 
less accurate or alternatively measure tyre belt bending stiffness by pressing 
a deflated tyre on a cleat[31; Corresponding to Table 2.3, Fig. 2.12 depicts 
the three rigid ring modes whose natural frequencies and damping ratios are 
required by Ftire. Obtaining natural frequencies and damping ratios of these 
three modes is for the establishment of the sldewall shown in Fig.2.11. The 
. identification of tread rubber stiffness and damping ratio is unable to deter-
mine, possible through material testing conducted on specific equipments. 
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Group Three parameters are related to friction properties, so they require 
, 
tests carried out on specific tyre testing machine which is not available for 
this study. For normal road conditions, these friction coefficients can be 
estimated[3]. 
.-
-
a b 
Figure 2.12: Low order tyre modes used by Ftire. a: in-plane torsional mode, 
b: in-plane translational mode, c: out-of-plane roll mode [3] 
Another tyre model belong to this category worth mentioning is the 
CDTire model [28, 29], its application is similar to the Ftire. 
2.5 Higher bandwidth physical models (beyond 
200Hz) 
In the previous section, the medium bandwidth Ftire suitable for most 
vibration related simulations has been briefly introduced. In this section, 
the basic principles of tyre models with higher bandwidth 'will be introduced. 
These physical models. [30, 31, 32, 33, 34] have been developed over the years 
mostly for the purpose of NVH analysis. In essence, having higher bandwidth 
25 
is achieved by discretizing the tyre belt into gre~ter numbers of segments in 
order to include the desired tyre belt eigenvectors. 
These models all have similar representation of real tyre components, for 
example, the sidewall of a tyre is simulated by groups of linear/nonlinear 
springs. The modelling of tyre belt all follows a similar pattern which treats 
it as an elastic beam/ring using the Euler-Bernoulli beam equation. As long 
as the discrete number of the tyre belt is sufficient to include eigenvectors 
up to the desired frequency range, in theory, this type of tyre model can 
even perform tyre structure borne noise or other high bandwidth simulations 
[35, 36, 37, 38, 39, 40J. For such application, the modelling approach of the 
tyre belt holds true since tyre deflection under input coming from road or 
engine at high frequency is normally small, which the linear ring assumption 
can suffice, the tyre belt can be described using a linear model. 
'sidewiill'stiffuess 
Figure 2.13: Schematic diagram of the tyre model developed by Tsotras and 
Mavros 
Tsotras and Mavros[41J later adopted the similar approach of modelling 
the tyre belt. In addition, coupling friction model to the belt (Fig.2.13)makes 
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their model able to perform not only handling but also ride/durability sim-
ulations. In order to compensate the nonlinearity of sidewall under large 
deflection, separate nonlinear sidewall model is constructed. Both the side-
wall force and tread force are treated as external input acting on the tyre 
belt. The belt is treated as a medium reacting to external excitation coming 
from road and wheel rim. By doing so, their model is able to calculate not 
only force moment but also normal and shear pressure distribution between 
tyre and ground surface during manoeuvres. The contact pressure calcula-
tion feature provides potential of calculating tread wear in analogy to the 
Ftire (Fig.2.14) when a thermal model is coupled into the main model. 
Figure 2.14: Contact pressure calculation feature of Ftire(simulating tyre 
traveling on the Belgian Block)[24]. 
Despite different derivation in applications, the parameterization of these 
models should be very similar since their theoretical base of the tyre belt is 
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Idewall sp~lng 
Figure 2.15: Typical tyre component representation of medium bandwidth 
. physical model [30] 
\ 
the same. In order to determine tyre structural parameters, modal testing 
is almost the only tool for the task which is another reason why this study 
focuses on this subject. Eq. 2.9 [41] and Eq. 2.10 [41] depicts the linear 
sidewall version oftyre belt equation of motion used in Tsotras and Mavros's 
model. It can be seen that, in order to describe the motion oftyre belt, three 
structural parameters are required, E, kr and ko. The rest of the parameters 
are more related to tyre geometries which can be measured without much 
difficulty. 
D (./1/1 Ill) K ( ') N(, /I) .. N ( ) R4 ur - Uo + R2 Ur + ue + R 2uo - Ur + krur + bdpur = qr + R 2.9 
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ur(9): radial deformation. 
tL6I(9): tangential deformation. , 
b: width of the beam. 
d: height of the beam. 
p: beam material density. 
Po: inflation pressure. 
E: Young's modulus of tyre belt. 
D: bending stiffness of the beam, D = Erg3 . 
K: membrane stiffness of the beam, K = Ebd. 
N: tension force due to inflation, N = Pob. 
R: radius of the circular beam. 
kr : linear radial stiffness of sidewall foundation. 
kS: linear tangential stiffness of sidewall foundation. 
qr(9): radial external excitation force. 
q(J(9): tangential external excitation force. 
Solving the free response of the system above gives the analytical solution 
of natural frequencies for either radial or tangential direction ih the form of: 
(2.11) 
Where El is bending stiffness of tyre belt, An is a constant varies for 
different modes, where Al = 0, K,w is unit length sidewall stiffness, n is 
modal number n = 1, ... , Nand p.A is unit length mass. 
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Figure 2.16: Mode shape and modal number 
From Eq.2.11, it is obvious that when n = 1, EIAl = 0, bending stiffness 
does not play a part in the natural frequency, Wl is the rigid ring mode 
(Fig.2.16). In order to determine the stiffness properties of the tyre belt, 
modal testing is performed which gives series of natural frequencies. Results 
from modal testing and prediction of the model is expected to have some 
degree of inconsistency, since the tyre belt is not a pure "elastic ring". As a 
result, curve fitting is required in order to find a comprise between analytical 
model and test results which yields E (Young's modulus) and Ksw (sidewall 
stiffness) . 
In order to determine the tyre belt's response in terms of excitation com-
ing from tread and sidewall, a' modal expansion/reduction method is normally 
employed[73]. The principle of this method will be introduced in the next 
chapter. 
It can be seen that to identify structural parameters of either Ftire or 
other high bandwidth physical tyre, models, modal testing is a very useful 
tool to obtain stiffness and damping properties of the tyre structure. How-
ever, the limitation of modal testing for tyre parameterization should also 
be noted. During modal testing, amplitude of excitation and response of 
the tyre is small compared to the tyre's operational deflection. Due to the 
nonlinearity of the tyre's stiffness, the obtained stiffness from modal testing 
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only occupies a small portion of the whole stiffness characteristic. For this 
very reason, those physical models all have noniinear stiffness models sep-
arately constructed. The role of stiffness and damping properties obtained 
from modal testing is to provide initial values in order to establish those non-
linear stiffness and damping models in analogy to [43, 44,45, 46, 47, 48J. It 
can be said that, the modal model of the tyre belt established during modal 
testing is only for extracting modal parameters; in terms of vehicle dynamic 
simulations, this tyre modal model is not useful at all. 
Another high bandwidth physical model worth mentioning is the RMOD-
K tyre model. Applications of the RMOD-K model cover a vast area, it 
can deal with simulation from simple handling prediction to high bandwidth 
durability or life cycle analysis[49J. The RMOD-K model is a fine detailed 
3D finite element model where a flexible belt is featured. This flexible belt is 
connected to the rim through a separate nonlinear sidewall model. Influence 
of pressurized air on the belt tension and the sidewall stiffness is taken into 
account. Contact forces are calculated by contact elements connected to the 
belt called sensor points which have three degrees of freedom. The sensor 
points in shear directions are combined with friction law determining whether 
the point is sticking to the ground or sliding. Configuration of the RMOD-
K is shown in Fig.2.17. Accuracy wise, being a fine detailed finite element 
model, the RMOD-K can deal with high bandwidth simulation very well[2J. 
For the application of life cycle analysis, the establishment of the road 
profile plays an important role. The road model of the RMOD-K model 
can be established by two methods[49J. The first approach is to create an 
effective road profile from frequency contents of known measured road data. 
It is achieved by inverse FFT of the spectrum of the known road data. This 
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Figure 2.17: Structure of the RMOD-K belt model [49]. 
approach is efficient yet validation might be required. The other approach 
. of constructing road model is to measure the road profile directly which is a 
time consuming process[49]. 
Efficiency wise, the fine detailed nature of the RMOD-K unavoidably 
makes it computational demanding. Efforts have been made in order to 
increase the efficiency though. Despite the available simplified rigid ring 
model to tackle simulation below 100Hz already mentioned, there are two 
major features for improving the RMOD-K's efficiency .. 
The first feature is the different mesh densities of the sensor points and 
the flexible belt layer as shown in Fig.2.17. The sensor point layer has much 
higher density compared to the belt layer. Purpose of doing so is to ensure 
the bandwidth of the belt taking part in the simulation is absolutely nec-
essary since including unnecessary bandwidth increases simulation time[49]. 
For example, in the case of a tyre rolling over a short cleat, upon contact, the 
higher density sensor points first calculates the contact force will be trans-
mitted to the belt layer using the deflection between tips of the sensor points 
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and the sensor point bases. Results of the contact force predict the deforma-
tion of the tyre belt. In which case, up to which mode the belt has to include 
to deal with such excitation can be determined. In other word, the discrete 
number of the belt elements is controlled by the contact force. 
Another feature of increasing simulation efficiency is achieved by reducing 
the amount of road data[49]. There are two rules to follow, the first rule is 
to "filter" the road profile where the frequency of road wavelet above certain 
limit will be removed as shown in Fig.2.18. The other rule is to remove the 
small "gaps" from the road data since these small "gaps" do not deliver any 
excitation to the tyre. 
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Figure 2.18: Example of filtering road profile [49] 
In terms of parameterization, the procedure of identifying RMOD-K pa-
. rameters is expected to be similar to other physical models such as the Ftire 
where obtaining structural parameters from modal testing and contact pa-
rameters from friction testing. In addition, the RMOD-K requires the test of 
wheel rim stiffness, which mainly influences the vertical force characteristic 
under large vertical deflection[50]. 
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Figure 2.19: Bandwidth of different vehicle simulations and the correspond-
ing typical tyre models. 
2.6 Parameterization and testing requirements 
In terms of the overview of tyre modelling, Fig.2.19 depicts the appli-
cations each tyre model is designed for alongside with the corresponding 
bandwidth. Note that the tyre models introduced in this chapter are the 
representatives of their kinds, there may be other tyre models with simi-
lar applications exist. From what has been introduced, it can be said that 
the empirical oriented tyre models are better in indicating the contribution 
of tyre performance to vehicle dynamic simulation while the physical tyre 
models are better in predicting the influence of specific parameter such as 
r 
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material stiffness to overa,ll tyre performance. 
Tyre model Test subjects Test method Equipments required 
Magic Formula. MF parameters slip vs. force/moment tyre testing machine 
Single Contact Point model relaxation length transient response tyre testing machine 
SWIFT·tyre tyre size 
structural parameters 
MF parameters slip vs. force/moment tyre testing machine 
Ftire tyre size 
structural parameters modal testing modal testing equipments 
frictional parameters friction testing tyre testing machine ' 
Table 2.4: Parameterization of different tyre models 
The parameterization of different tyre models and their corresponding test 
methods is briefly summarized in Table 2.4. Note that, as already mentioned, 
specifics of a test procedure that corresponds to individual tyre models are 
rarely found in the literature, test methods and equipment used in the table 
are reasonable estimations which are based on the type of the tyre mod~l. 
From the literature review, It can be concluded that tyre testing machines 
, 
such as the drum machine are essential and almost irreplaceable in tyre model 
parameterization regardless the complexity of the model to be parameterized. 
The tyre testing machine can measure some structural parameters (cieat 
. test [52]) and all contact parameters, but is mainly used for contact related 
parameters such as friction coefficients at different normalloads[51]. Despite 
the necessity of measuring contact properties, the use of this machine also 
has another advantage. Effects such as dynamic stiffening due to centrifugal 
inertia force that can affect both structural and frictional properties of the 
tyre can be brought in when measuring a rotating tyre[54]. 
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2.7 Literature review conclusions 
The machines described above are cost and space demanding and can 
only be found in tyre research facilities. As a result, in terms of tyre testing 
carried out in typical labs such as this study, tyre parameterization focuses 
on tyre structural parameter identification which can easily be achieved by 
performing tests such as modal testing or stiffness testing. 
Structural parameters of different physical tyre models may require differ-
ent identification methods, but generally speaking, they are all time consum-
ing and no standard test procedures have been established. Modal testing be-
ing the most common practice in particular involves multiple measurements, 
FRF calculation, signal averaging and curve fitting which consumes much 
time. As a result, optimization or finding alternative ways on test methods 
can always find room since developments in computer hardware/software and 
test equipment could provide more and more assistance in reducing the time 
and effort one needs to put in during the identification process. 
In this study, attempts on using Matlab existing functions to deal with 
modal data processing have been made in order to improve the efficiency of 
tyre modal testing. Also, the feasibility of important tyre parameter identi-
fication using an existing low cost tyre rig as alternative means will also be 
analyzed. 
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. Chapter 3 
Tyre modal. testing 
In the previous chapter, the importance and usefulness of modal test-
ing in physical tyre model parameterization has been emphasized in many 
occasions. In this chapter, modal testing for identifying tyre structural pa-
rameters will be introduced. It includes the theory base of modal testing, 
the actual tests which have been carried out, furthermore, the new devel-
oped curve fitting method and discussion on test results. Finally, problems 
discovered during the test and recommendation for improvements will also 
be addressed. 
To begin with, the theoretical background of modal testing is introduced, 
as this knowledge is of fundamental importance for one to carry out the 
test; followed by the discussion of test procedure, equipment and test results 
which describes the tests in detail; finally, recommendations for improvement 
which focus on problems encountered during the test, will also be mentioned. 
This is due to the fact that although great achievements have been made in 
simplifying test data post· processing, the test cannot be considered as a 
complete success. Problems caused by ·the test equipment were not. realized 
until the very late stage of the data post processing. 
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3.1 Theory background of modal testing 
Modal testing or experimental modal analysis intends to extract a struc-
ture's stiffne~s and inertia properties through the establishment of a linear 
dynamic model of the structure. In which case, the dynamic model essentially 
is a Frequency Response Function (FRF) matrix. For this study, although 
most tyre models such as the Ftire exhibit non)inear characteristic in stiff-
ness, parameters extracted from modal testing still plays an important role 
as already mentioned. The ultimate goal from modal testing is to provide 
the following information: 
1. Undamped natural frequencies 
2. Damping ratios 
3. Mode shape vectors 
3.1.1 SDOF system 
In order to introduce the dynamic model obtained from modal testing 
which consists of multi-degree of, freedom (MDOF), it is necessary to first 
introduce the basic principles of the single degree system (SDOF). As essen-
I 
tially, a MD OF system is merely a superposition of groups of SDOF systems. 
c 
i'- '0 L x 
Figure 3.1: SDOF system under external input 
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As shown in Fig.3.1, the equation of motion of a SDOF system in the 
time domain can be wdtten as: 
. mx+ci:+kx.= f(t) (3.1) 
In terms. of steady-state solution, the initial condition has no influence in 
the final result, hence, transfer the equation of motion into Laplace domain 
gives: 
ms2X(s) + csX(s) + kX(s) = F(s) (3.2) 
The system transfer function derived from Eq. 3.2 gives: 
G(s) - X(s) _ 1 = l/m (3.3) 
- F(s) - ms2+cs+k s2+2(wn s+w; 
where Wn = J! which is the undamped natural fr~quency and ( = 
c/2vkmthe damping ratio. The denominator ofEq. 3.4 ~ = s2+2(wns+w~ 
is termed the characteristic equation. The solutions of the characteristic 
equation are a complex conjugate, >., >'* = (w± jw~ also known as 
the poles of transfer function. Substitute transfer function Laplace variable 
s with jw gives the frequency response function: 
G( ' ) l/m JW = w~ - w2 + 2j(wwn (3.4) 
Fig. 3.2 shows a typical plot of SDOF system frequency response func-
tion. It can be seen that at the peak of amplification or at resonance, the 
corresponding frequency is Wr = VI - 2(2wn, phase angle between output 
and input is -900 • 
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Figure 3.2: Magnitude and Phase plot of a SDOF system [69J 
In the example above, the frequency response function is the ratio between 
displacement and force. In fact, there are other forms of FRF providing the 
same information; this is due to the fact that system information (undamped 
natural frequency and damping ratio) is provided by the characteristic equa-
tion. Table 3.1 lists the definitions and relationship of different forms of 
FRF. 
Definition Form Relationship 
Aeeelerance acceleraticm/ jarce 
Mobility velocity/jarce aeeeleranee + jw 
Reeeptance displacement/ jorce accelerance + - w2 
Table 3.1: Different tyre of FRF and their relationships 
3.1.2 Multi-degree of freedom system 
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Figure 3.3: Principle of MDOF system [711 
The theory for a SDOF system has been introduced in the previous sec-
tion. In reality, such a system rarely exists, a structure normally possesses 
many degrees of freedom. As a result of that, it has multiple natural modes. 
Essentially, a MDOF system is merely a superposition of SDOF systems, 
one "stacks" on top of another as Fig.3.3 shows. As a result, the response 
of a particular point on the structure to the excitation applied at another 
particular point can be expected as the sum of each natural mode's response 
to the input. 
What has been described so far is the FRF of two particular points of 
input and response, it is obvious that, in order to establish the full dynamic 
model for a structure, the dimension of space has to be introduced in order 
to complete the model. It can be expected that the full model is a matrix 
. of frequency response functions. The size of the matrix is determined by the 
number of discrete points distributed along the structure. 
There are ~any types of dynamic models available for !llodelling a struc- . 
ture in terms of the type of damping. For example, a structure can be 
modelled using the proportional damping assumption, structural damping or 
a combination of the both depending on the application[691. Among these 
available model types, the proportional damping assumption also known as 
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the Rayleigh damping is the most simple damping type. For this reason, this 
study adopts the proportional damping assumption for the construction of 
the tyre belt model. 
Under the proportional damping assumption, the structure possesses real 
modes. By definition of it, the eigenvectors of the structure are purely 
real. During resonance, nodal points on the structure remain strictly static. 
Though in reality, most damped systems do not possess real modes,' this 
model under proportional damping assumption is merely an effective energy 
dissipation model. Using the general equation of motion for the proportional 
damping case, it can be expressed in the matrix form as: 
MiH CH Ky = f(t) (3.5) 
where 
J(t): external excitation vector (time and space) . 
y: displacement response vector (time and space) 
M: mass matrix (n X n) 
C: damping (proportional damping) matrix (n >< n) 
K: stiffness matrix (n x n) 
The displacement response vector can be written in the form which ex-
press space and time component separately: 
where W is the modal vector which describes the ratio of displacement 
of points along the structure. The scaling of it can be random, 'f} is termed 
the modal participation factor, describes the oscillation of each natural mode 
. which is a time function. 
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Eq. 3.5 describes the system in both space and time, in order to solve it, 
components belonging to these different dimensions have to separated. By 
left multiplying 1J!T into Eq. 3.5, it yields: 
(3.6) 
Here, we define: 
!VI = \liT M1J! normalized mass matrix 
c = \lI~ C1J! normalized damping matrix (for proportional damping) 
[( = \liT K1J! normalized stiffness matrix 
Although it is mentioned earlier, the modal vector 1J! can be scaled arbi-
trarily, normally, 1J! is chosen to have specific value which makes the three 
normalized matrices become the following: 
1 o 
(3.7) 
o 1 
o 
(3.8) 
o 
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w~ 0 
(3.9) 
o 
Note that the necessary condition for the proportional damping assump-
tion is the damping matrix C is able'to be composed using the mass matrix 
and stiffness matrix, in other word C = a[ M] + ,B[ K], where a and ,B are 
two coefficients. Under this condition, the eigenvector matrix can be used to 
diagonalize the damping matrix, as shown in Eq.3.10[69]. 
T· -\[I C\[I = dwg[C1, C2 , ... , Cn] = C (3.10) 
The process of Eq.3.7-Eq.3.9 is known as mass normalization. As a result, 
Eq. 3.6 can be rewritten as: 
Mij + Cr, + KT} = \[IT f(t) (3.11) 
. Transfered into Laplace domain and rearrange, Eq.3.11 becomes: 
o 
o 
(3.12) 
It can be seen that, the diagonal matrix contains each mode's character-
istic equation Ai, left multiplying Eq. 3.12 by its inverse matrix yields: 
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o 
1)(8) = (3.13) 
In order to yield the displacement response, Eq. 3.13 has to be left 
multiplied by W on both sides, as a result: 
o 
Y(s) = W (3.14) 
o G' 
. n 
Hence, the system transfer function has been established: 
Gl 0 
G(s) = ~i:i = W G2 wT (3.15) 
0 Gn 
Expanding Eq. 3.15 yields: 
L:~=l Gr(Wl wdr L:~=l Gr(Wl Wk)r 
G(8) = (3.16) 
L:~=l Gr(WkWl)r L:~=l Gr(WkWk)r 
Where k is the number of discrete points along the structure, r is the 
modal number. One can always find the particular transfer function describ-
ing the response of the ith point while external excitation is applied on the 
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kth point on the structure from Eq. 3.16. In that case, the transfer function 
for those particular input and response points canbe written as: 
(3.17) 
From Eq. 3.16, it is not difficult to see that in theory, given same external 
excitation, measuring the response of point i while the excitation is applied 
at point k will be exactly the same as measuring point k while excitation is 
applied at point i, since Gik(S) = Gki(S). This is known as the Principle 
of Reciprocity. Furthermore, along the diagonal line of Eq. 3.16, the 
transfer function along the diagonal line describe the ith point's response to 
the excitation applied at the same point, this is known as the Driving Point 
Excitation. The mode shape product 1I1;lI1k in the numerator ofEq. 3.17 is 
called residue. 
Eq. 3.17 is just one of the forms a transfer function normally expressed 
in, a transfer function is also be frequently written in the form Rational 
Fraction Polynomial, Pole-Zero and Partial Fraction Expansion. 
n 
... L aksk 
G(s) = bp +b)s + ... + bns:" = ",k-",O __ 
aO+als+···+ams .;z:... k 
L... bks 
k=O 
Rational Fraction Polynomial, where n::; m, m = 2 x modes. 
n 
II(s-zk) 
G(s) = is - Zl)(S - Z2)(S - z31··· = ";iik;;;cc--1 __ 
. (s Pli(S P21(s P31'" . 
. rr(s-~) 
k=l 
Pole-Zero, where n ::; m, m = 2 x modes. The poles are the solutions 
of characteristic equation~. 
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Partial Fraction Expansion, where Tk and Tk are termed residue of kth 
pole. 
What has been addressed is the structure of the full· dynamic model to 
be established in modal analysis. Depending on applications, in many cases, 
it is not necessary to construct such a full model. Most of the time, only 
the natural frequencies and the corresponding damping ratios are required. 
Or even in the full model case, these two parameters are to be determined 
first, the mass-normalized mode shapes are determined last. There are differ-
ent techniques available for identifying these two parameters under different 
situations. 
Finding the natural frequencies is fairly straight forward. They can be 
identified on the FRF amplitude curve calculated from input and response 
signals. Note that the undamped natural frequency Wn used in FRF charac-
teristic equation fl. is not exactly the resonance frequency Wr found on the 
peaks of FRF amplitude curve(Fig. 3.2), the difference is small on a lightly 
damped structure, most of the time, this difference is ignored. In heavily 
damped case, wn has to be determined along with the damping ratio by 
solving the characteristic equation of the particular mode. The relationship 
between Wr and Wn can be written as: Wr = VI - 2(2wn • 
Damping ratio on the other hand is a slightly more complicated case. 
The method of finding damping ratio is influenced by a few factors. First. 
is the level damping the particular mode possessed, this can be judged by 
the amplitude slope before and after the peak on FRF curve, heavier damp-
ing results in flatter curve as the example in Fig. 3.4 shows. Second is 
the distribution ofthe natural. modes on the frequency axis. Normally, sim-
ple structures possess natural modes which are well separated between each 
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Figure 3.4: FRF amplitude curve of different damping ratios [69] 
other. On the contrary, complex structures can have natural modes which 
are closely coupled. A more extreme case is more than one mode can be 
excited at one frequency. Recall from what has been mentioned earlier as 
well as Fig.3.3, that a MDOF system is a superposition of individual SDOF 
systems, when two modes lie too close between each other, the gradient of 
them near the resonance peaks can affectc each other (Fig. 3.5). As a result, 
when these SFOD systems are summed up together, the peaks on the FRF 
amplitude curve do not reflect that particular mode's true characteristic. 
For a structure which is lightly damped and each mode is well separated, 
the Q-factor method is the most simple and convenient way to determine 
damping ratio. By lightly damped, the definition is damping ratio <: < V1/8 
which is approximately less than 35% [69]. The derivation of the Q-factor 
method will not be discuessed here. Briefly, the damping ratio is calculated 
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Figure 3.5: Damping and modalcoupling[70]. 
based on the power change exhibited on the FRF amplitude curve. In order to 
use the Q-factor method, one first needs to find out the resonance frequency 
Wr which is approximated as the undamped natural frequency Wn • Followed 
by finding the frequencies Wl and W2 on both sides of the peak where their 
corresponding amplitudes are :if of the peak amplitude as Fig.3.6 shows. 
The damping ratio then can be approximated as: 
I" Cl:l W? -WJ ~ W2 -WJ 
'>- "2wn -W2+ Wl' 
The Q-factor method is also known as the 3dB drop method, this is due 
to the fact that if the amplitude of FRF curve is plotted in dB, the points 
corresponding to Wl and W2 are approximately 3dB lower than the resonant 
peak amplitude. 
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Figure 3.6: The Q-factor method of damping measurement [69] 
There are other methods such as fitting a circle to the mobility curve on 
real and imaginary plane (Fig.3.7), where in a proportional damping case, 
the radius of the mobility circle R = 1/4(wn • This method is more accurate 
than the Q-factor method while being less straight-forward. 
fm G(jw) Plane 
1 
Figure 3.7: Circle fitting mobility curve[69]. 
The two methods introduced above extract modal parameters by dealing 
with a single mode, which is sufficient in lightly-damped structures where 
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modes are well separated. However, when dealing with heavily couple modes, 
their accuracy is questionable for the reason explained. The most thorough 
way of extracting modal parameters is based on the definition of a MDOF 
system which considers all resonance points of interest simultaneously, con-
structing the analytical transfer function. The drawback is that conventional 
multi-resonance curve fitting methods are computationally demanding and 
difficult to implement. When the signal is ill conditioned, the situation be-
comes even worse. This study has found an alternative way of carrying out 
such method while significantly reduces the complications. Details of this 
method will be discussed in a later section. 
3.2 Test equipment and procedure 
The fundamentals of modal testing have been addressed in the previous 
section. In this section, the test procedure, equipment required and test 
setup will be discussed. From the definition of transfer function or frequency 
response function, it might seem that modal testing is no more than applying 
excitation to test object and then measure the response in order to establish 
the dynamic model of the structure. In actuality, when performing modal 
testing, attention is required on different aspects during the process. 
3.2.1 Choice of test method and equipment 
The aim of applying excitation to the test object is to input excitation 
across a certain bandwidth. Common practice is to us~ a shaker or an impact 
hammer. Supposedly, the choice of exCitation source should be dictated by a 
few factors such as available signal processing equipment, characteristics of 
test object and general measurement consideration etc. However, the choice 
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of excitation source in this study is highly influenced by the measurement 
time required and how difficult it is to set up the test since the ultimate goal 
is to simplify tyre modal testing making it easier to set up and less time 
and computationally demanding. After all, modal testing on tyres using 
both excitation methods has been successfully conducted in previous studies· 
[56, 58, 57j, so, both methods have been proven viable. 
Hard,T 
I ~ 
Medium \ Hard 
I"'-, Medlum I--
s,. s •• f\ ~ ;-.. 
1\ V '\ IY 
Pulse t .Iy \ \ l1'\ .'" (""1\ 
f rr W' 
. ~ • 
" 
•. a 
Figure 3.8: Frequency contents of different duration of impact [70j. 
Using a hammer as the excitation source is the least time consuming 
method. The operator only needs to give the structure an impact and let the 
test object vibrate on its own while recording the signal. However, disadvan-
tages of impact testing are also distinct. First, the operator has very limited 
control of the frequency content and amplitude. The bandwidth of the input 
is determined by the impact duration,the shorter the duration is, the wider 
bandwidth becomes. In other words, when the test object is soft, the band-
width of excitation is narrower than exciting the harder objects. An example 
of frequency bandwidth with respect to different objects is shown in Fig. 3.8. 
For this study, it is expected that impacting the tyre tread surface will not 
achieve a wide bandwidth excitation, since the tread is very soft. Luckily, it 
is also found that tyre modes that can be measured normally do not exceed 
300Hz and impact on a tyre can normally give bandwidth wider than 300Hz 
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[56]. The only control of impact force is by using different mass heads on 
the hammer. A common mistake is when the operator hits the structure 
, 
very hard in order to achieve high amplitude input is the so called "double 
taping", namely the hammer hits the structure twice, this mistake has been" 
found during tests carried out in this study. It will not be detected by the 
operator until the recorded signal is examined which potentially reduces the 
test efficiency. The lack of control of impact test introduces uncertainties, 
never the less; it requires skills of the operator to use tile hammer properly to 
avoid unwanted mistakes. Finally, both input and response signals are vul-
nerable to noise, this is due to upon impact, input signal records nothing but 
noise, response signal records both decaying sine wave and noise. In order to 
minimize the signal's corruption introduced by noise, force and exponential 
window functions are normally used. 
Using a shaker" as excitation source on' the other hand gives the operator 
more control of the test. This makes it also less demanding on the skills of the 
operator. Since the excitation signal is generated through signal generator,' 
both frequency content and amplitude are adjustable on demand. Based on 
requirements, one can apply signals such as sine sweep, burst sine or random 
noise to the test object. Another advantage of using a shaker is that it has a 
higher signal to noise ratio compared with the impact test. The term Signal 
to Noise Ratio (SNR) indicates the level of noise corruption to the measured 
signal which is defined as the power ratio between the two[75]. Since the 
amount of energy delivered to the test object over a period can be controlled 
during the shaker test, one can always achieved the optimal contrast be-
tween the noise and response signal. On the other hand, disadvantages of 
using shaker are also obvious, first, additional equipment is required, con-
trol signal generator and amplifier for both signals are all needed; second, 
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measurement time is relatively longer when using a shaker, especiaily when 
exciting the test object with sine sweep, or steady state sine; finally, the 
mounting of the shaker ar:d test object requires that the main body of the 
I 
shaker is isolated from the structure in order to prevent any reaction force 
from being transmitted through the base of the shaker back to structure. 
As a result, a shaker is normally suspended or supported on a mechanically 
isolated foundation during tests. 
Comparing the two test methods, they both have their own advantages 
and drawbacks. The shaker test is more likely to yield good results due 
to more control is possessed by the operator. However, practicality and 
efficiency wise, the shaker test is not so good compared to the hammer test. 
In our case, since measuring radial vibration of the tyre belt is the objective, 
the measuring direction is in a circular pattern, using the shaker is expected 
to time consuming when mounting the accelerometer at .numbers of different 
locations. Impact test on the other hand does not have such a problem; 
nevertheless, it has been proven a valid way of carrying out tyre modal testing 
in the previous study [56],not to mention one of the objectives of this study 
is to develop a simple and efficient tyre modal testing procedure. As a result, 
the far more convenient impact test was chosen for. this study. 
The SAE J2710 provides requirements and guidance for test equipment, 
test method and data processing for tyre modal testing. Although it is only 
intended for testing tyre rigid-ring modes, most of the content is applicable 
when testing higher order modes. Requirements for test equipment can be 
summed up as following: 
Impact hammer 
1. The impact hammer should be able to deliver a sharp enough impulse 
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to contain measurable signal content beyond 300Hz. If necessary, an 
impact block can be attached on the tread surface to achieve the desired 
impact. For this study, since higher order modes are to be tested as 
well, the frequency content should be higher. 
2. The impact block mass should not interfere with the modal behavior 
of the test tyre. Typically, it should be less than 0.5% of the test tyre's 
mass. The material of choice should be rigid and of low density such 
as aluminum. The size of the impact block should be kept as small as 
possible. 
3. The impact block should be mounted on the test tyre using adhesives 
such as hot glue, super glue or epoxy. 
Accelerometer 
1. The natural frequency of the accelerometer used should be no less than 
5000Hz. 
2. The mass of the accelerometer should be small enough to avoid inter-
ference. Typically it should be less than 40 grams. The size of it should 
be less than surface dimension of tread element it is attached to. 
3. The accelerometer should be mounted on the tread using the same 
technique as the impact block. 
Finally, Table 3.2 lists the equipments selected for the tyre modal testing 
in this study. 
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Equipments Number used Description 
Impact hammer 1 B&K 8202 
Accelerometer 1 B&K 4710 
Data acquisition card 1 NI USB-6009 5000Hz sampling rate/channel 
Analyzer 1 Matlab 
Amplifier 2 RS signal amplifier 
Table 3.2: Test equipments 
3.2.2 Simple case: lower order modes identification 
To begin with, the procedure of identifying tyre rigid ring modes will first be 
introduced. The identification of these modes is relatively simple compared 
to the identification of bending modes. During resonance of the rigid ring 
modes, tyre belt behaves as one rigid body, as a result, only one accelerometer 
pointing at the same direction of vibration is required in order to pick up 
measurements. Moreover, for the longitudinal plane and lateral plane of 
the tyre, there are two rigid ring modes exist respectively, and they are 
structurally related. As a result, there are four rigid ring modes can be 
identified in total, and modes belongs to the same plane are heavily coupled 
[21) . 
. 
The test procedure of in-plane rigid ring modes is shown in Fig.3.9 and 
Fig.3.10. On a rim fixed tyre, two tests are carried out, where the accelerom-
eter is mounted at two different locations which are 90° between each other. 
Torsional excitation is applied at point c tangentially as shown in the figure. 
This excitation will excite both the translational mode and torsional mode 
of the tyre. Both modes will be picked up by the accelerometer mounted at 
location b, while at location a only the translational mode will be measured, 
since the torsional mode is t~ngential to accelerometer measure direction. As 
56 
accelerometer 
b 
• accelerometer measore direction 
Impact 
direction 
fi:ted wheel bob . 
----------- -
Impact 
direction 
Figure 3.9: In-plane rigid ring mode identification 
a result, on the FRF of location a, the first peak is the translation mode; on 
the FRF of location b, the neighboring peak of the translational mode is the 
torsional mode. Alternatively, a driving point test of point a shown in Fig.3.9 
(ii) can identify the translational mode solely, followed by the torsional exci-
tation measured at point b can yield the torsional mode. Out-of-plane modes 
can be identified following the same principle, details are not discussed here. 
The procedure for identifying tyre rigid ring modes seems reasonable and 
straight forward. Howe,ver, it is found in this study that the torsional mode of 
a tyre is extremely difficult to excite. With the impact block firmly attached 
on the tyre tread surface, experimentation with different hammer masses was 
carried out, still, little success was achieved. Never the less, some unknown 
vibration modes found in the FRF were mistakenly believed to be the desired 
modes. The cause of it is not confirmed, but most likely this was due to the 
vibration of the tyre rig. 
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Figure 3.10: In-plane rigid mode test 
Problems discovered during the test indicate that this method heavily 
relies on the proper test set up as well as correctly carrying out the test. In 
that case, the first or the second resonant peak will be the desired mode, 
problems such as failure to excite the target mode or vibration of the tyre 
rig do not exist, which sometimes is not the case in reality, especially for . 
inexperienced engineers. Unrealized problems can lead to failure of the test 
even for experienced engineers. Solution to avoid those problems again points 
to full modal testing whether analytical FRF is extracted and mode shapes 
are determined and plotted. By doing so, identified modes are able to be 
visualized. As a matter of fact, in this study, if full analysis had not been· 
performed, mode shapes would not have been identified, incorrect results 
would have remained undetected .. 
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Figure 3.11: Test set up of full modal analysis 
3.2.3 Full modal analysis 
Fig.3.11 and Fig.3.12 depict the test set up for full modal analysis. As 
the figure shows, along the tyre circumference, twelve test points are evenly 
distributed. The accelerometer is mounted at point 1, while impact is applied 
at these twelve points. According to the principle of reciprocity, applying 
impact at point 1 solely while measuring the response of the twelve points 
should give the same result. Clearly, the first set up Is more convenient since 
the accelerometer does not need to be removed and reattached again. During 
the test twelve transfer functions can be obtained forming the dynamic model. 
They can be written in a matrix form as: 
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Figure 3.12: Test set up of full modal analysis 
G(S) = [Gl'l Gl,2 ... Gl,12] (3.18) 
In terms of a particular point, the FRF is written as: 
(3.19) 
. In order to extract the mode shape residue (WiWk)r of the rth mode, 
one needs to first multiply Eq.3.19 by the characteristic equation tor then 
substitute solution A, A' = (w ± jw";1 - (2 which yields tor = 0 to remove 
the rest the terms. This leads to: 
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As a result, for each mode, twelve transfer functions will give twelve mode 
shape residues (\[11 \[Idk' (\[11 \[I2)k,··· , (\[11 \[I12)k which including the driving 
point (\[II\[Ilh, mode shapes can be obtained by solving these simple equa-
tions. Note that, the square root of (\[11 \[I1)k which is (\[II)k mathematically 
should have both positive and negative results. As a result, there should be 
two groups of mode shapes for one particular natural mode. 
3.3 Test results and modal parameter identifi-
cation 
3.3.1 Preparation of the parameter identification 
During the test, upon impact, both the impact signal and response signal 
are recorded by the data acquisition card. As mentioned, both signals are 
vulnerable to noise and the solution is to use window functions. Shown 
in Fig.3.13, impact test normally uses an exponential window and a force 
window to minimize noise and leakage. In terms of response signal, if the 
structure is heavily damped, the response signal will decay out long before 
the end of the recorded signal, the exponential window served the purpose 
of eliminating noise; on the other hand, if structure is lightly damped, the 
recorded signal cannot coinpletely include the end of vibration, leakage might, 
occur when FFT the signal. The exponential window can eliminate leakage 
by ''tapering'' the very end of the signal to zero. The force window is simply 
a short rectangular window in order to remove most of the noise from the 
input signal [70J. 
The length of both signals (time domain) also plays an important' role 
in the quality of FRF. This mainly affects the resolution of frequency. By 
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Figure 3.13: Exponential and force window [70[. 
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the definition of Discrete Fourier 'Transform (DFT), a digital signal in time 
domain transferred into frequency domain can be written as: 
Where N is the number of discrete points of the time signal. In the 
frequency domain, there will be N 12 discrete harmonics in the frequency 
range of 0 < W < 7r IT, where T is the time increment between discrete 
points. As a result, the harmonic increment is determined by 27r I NT. In a 
word, the longer time signal is used, the finer resolution FRF will be. 
Fig.3.14 depicts the FRF ofthe driving point excitation at location 1. Be-
fore proceeding the analysis any further, a few inspections should be carried 
out toverify if the signal is healthy. First thing to check is ifthe characteristic 
of the curve agrees with the expected FRF for the given support condition. 
As it is an accelerance plot in log scale, boundary condition of the tyre is 
fixed rim, below the first resonance peak, a stiffness line is expected while in 
the high frequency range amass line is expected[63]. 
. " 
In the figure, it can be seen that below the first resonance around 90Hz, 
the trend of the curve indicates stiffness line behavior despite the rattles 
below 50Hz. In the phase figure, all the distinct peaks correspond to phase 
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Figure 3.14: Accelerance FRF of driving point test 
angle more or less around -900 • All these suggest the FRF signal is generally 
healthy, at least in the frequency range of interest. In the early stage of the 
rigid ring mode test, the peak-like characteristic at around 50Hz was thought 
to be the translational mode of the tyre belt. In actuality, after the mode 
shapes were identified and plotted, this mistake was realized. 
The driving point test at location 1 is of vital importance to the whole 
analysis. Since mode shapes do not have orientations, it is determined by 
impact direction. A driving point test can ensure that all the vibration 
modes are captured. Parameter identification cannot be performed without 
the information of modal number provided by the driving point test. Fig.3.15 
shows the comparison between FRF at point 6 and the driving point FRF, 
it can be seen the resonance peak just below -150Hz is vague due to point 6 
being near a nodal point. 
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Figure 3.15: Comparison FRF of point6 and driving point FRF 
After the tests are carried out at the twelve measurement points, twelve 
FRF of these points are obtained. For the parameter identification in the 
next stage, the accelerance FRF have to be converted into receptance FRF. 
At each point, three to five tests are performed, the obtained FRF are then 
averaged (Fig.3.16). 
3.3.2 Introduction of the simplified curve fitting approach 
In this section, a simplified version of modal parameter extraction method 
as well as the implementation of this method on the test results will be 
introduced. The ultimate goal is to establish the analytical expression of the 
meaSured tyre belt's transfer function in order to extract modal parameters. 
Conventional curve fitting method aims to deal with a frequency range that 
all the resonance peaks of interest are included. In which case, large amount 
of data is involved in the curve fitting process, and unavoidably, efficiency 
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Figure 3.16: Point 12 measured FRF used for averaging. 
will suffer and accuracy cannot be guaranteed. 
The method established in this study borrows the concept of "out-of-band 
mode". In a conventional term, the out-of-band mode ,refers to those natural 
. modes that either lie outside the frequency range of interest or simply out 
of the measuring range of the test equipment and yet their contribution to 
the frequency response function cannot be ignored[69J. Since a structure in 
theory has an infinite number of degrees of freedom and either the bandwidth' 
of interest or the bandwidth able to be measured can only include finite 
natural modes, the contribution of those out-of-band modes always has to 
be considered when building the analytical function of FRF. 
How the out-of-band modes affect the shape of a frequency response func-
. tion depends on the situation. Fig.3.17 shows the log-log plot of aSDOF 
receptance FRF, it can be seen that in the low frequency range far below 
resonance, the curve almost becomes a horizontal line while in the high fre-
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Figure 3.17: Log-Log plot of SDOFreceptance [63] 
quency range after resonance, the curve is dominated by its gradient. As a 
result, it can be said that in the receptance case, if the out-of-band mode is 
below the bandwidth of interest, it's gradient which dominated by the mass 
line affects the shape of the FRF due to superposition; if the out~of-band 
mode is above the bandwidth of interest, the stiffness line provides "vertical 
shift" to the FRF. Note that the "vertical shift" and the "gradient" are the 
contribution of out-of-band mode which is far away from the bandwidth of 
. interest. The purpose of including them is to introduce minor adjustments 
to the analytical FRF to produce a greater degree of fit with the measured 
FRF[63]. The contribution of the out-of-band mode can be expressed in 
terms Of FRF as: 
1. out-of-band mode below bandwidth of interest: -=:S[63] 
mw 
2. out-of-ban? mode beyong bandwidth of interest: it [63] 
As a result, the analytical transfer function normally used for the curve 
fitting can be written in the form of Eq.3.21 [63]: 
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From Eq.3.21, it can be expected that if we expand the equation into 
the Rational Fraction Polynomial form, the highest power of the numerator· 
polynomial will be the same· as the highest power of the denominator poly-
nomial due to the out-of-band mode terms. Note that the inclusion of the 
term r;!;; brings in a mode which has zero frequency (two zero poles), i.e. a 
rigid body mode. 
As already mentioned, the drawback of the conventional curve fitting 
method is that the process includes too many natural modes at the same 
time during the curve fitting[64, 65, 66, 67]. As a result, this study takes the 
opposite direction, which is to narrow down the bandwidth of interest and 
only identify one or two modes each time. As a result, all the other modes 
have become the "out-of-band" modes. Furthermore, the existing functions 
"OE", "COMPARE" and "RESIDUE" in Matlab are used. These functions 
are accounted for extracting the analytical transfer function, calculating the 
degree of fit between measured FRF and the extracted analytical FRF and 
calculating residues(not the mode shape product) of the analytical function 
respectively[77]. By doing so, the process of modal parameter identification 
is dramatically simplified, not a single matrix is required to be established, 
All that the user needs to do is to provide a portion of the FRF calculated 
from measured signals, and assign the highest order of the polynomials in 
the denominator and numerator of the target analytical transfer function. 
A flow chart (Fig.3.18) briefly explains how the approach developed in this 
study is carried out. 
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Details and principles of the three Matlab functions used in this param-
eterization approach are listed as follows: 
OE function: Output-error model parameter estimation. The function 
estimates output-error model parameters and their covariances from input-
output data [681. Syntax of this function is m = oe(data, [nb, ne, nk]) where 
m is the desired analytical function; data is the measured signal data provided 
by the user, the measured FRF in this case; nb and ne are the orders of the 
numerator and denominator respectively, they are specified by the user; nk 
is the input delay, which is not used in our case. 
COMPARE function: yesno = compaTe(MPC1,MPC2) The compare 
function compares the contents of two MPC objects MPC1, MPC2, and 
returns the percentage of fit between the two objects. If the design specifica-
tions (models, weights, horizons, etc.) are identical, then yesno is equal to 1 
[681. The MPCl and MPC2 are the measured FRF data and the analytical 
FRF respectively in our case. 
RESIDUE function: This function converts between partial fraction ex-
, 
pansion and polynomial coefficients. [T,p, kJ = Tesidue(b, a) finds the residues, 
poles, and direct term of a partial fraction expansion of the ratio of two poly-
nomials, b(s) and a(s), of the form: 
Mtl = bo + bls + ... + b"s~" 
a(SJ ao + als + ... + ams 
The corresponding partial fraction expansion form extracted by the RESIDUE 
function can be written as: . 
Mtl_ ----1:L- ~ Tn k( ) 
a(SJ-S-Pl+S-P2+"'+S Pn+ s 
Where T and p are the residues and poles respectively. The k is the coef-
ficients of the direct terms which can be written as k(s) = knsn + kn_1s(n ~ 
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1) + ... + k1s + ko. Number of terms in k(s) is determined by the number of 
terms between b(s) and a(s). 
In our case, the number of terms in the polynomial b( s) and a( s) are equal, 
. so k(s) = ko [68]. This k(s) is the term l contributed by the out-of-band 
mode that lies far beyond the bandwidth of interest. 
3.3.3 Modal parameter results 
In this study, the first four distinct modes are identified using the approach 
introduced previously. Since the RESIDUE function directly provide the 
poles and the residues(not the mode shape product) ofthe analytical transfer 
function, the conventional approach (Eq.3.22) of extracting the mode shape 
residues are not required anymore. 
The poles obtained from the RESIDUE function can be used for solving 
the undamped natural frequency Wn and the damping ratio (. For one partic-
ular mode, there are two poles A, A* = (wn ± jWnv'l - (2 which are complex 
conjugates, by choosing either one of them, the undamped natural frequency 
Wn and the damping ratio ( can be obtained by solving the equations. 
In terms of the ~ode shape product, it can be calculated by using the 
following: 
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where the mode shapeproduct (ll1j ih)n = Tm(S - Pm+1) + Tm+l(S - Pm) 
rand P are calculated from the RESIDUE function .. 
Fig.3.19 shows the percentage of consistency between the measured FRF 
and· the analytical FRF of one particular portion of the signal. It can be seen 
that the measured FRF and the analytical FRF match quite well especially 
around the resonance peaks where the vital modal information lies in. For 
that reason, it is believed that the major inconsistency comes from the be-
ginning of the signal where the analytical FRF struggle to match the "noisy" 
measured FRF. 
lrauslatfonaI mode ,/ 
first bending mode ,/ 
iO ... ·\ Funclion: dl1a 
-model;-fit:91.23% 
' ...... 10 ... l 
f 
(./. 
Figure 3.19: Comparison between measured FRF and analytical FRF 
-0.32498'0 - 34618" - 2.406688 + ... - 1.37523 82 - 1.81526 •• - 1.10728 
8.0 + 1. 71' 8" + 1. 7359 88 + ... + 2.30227 82 + 5.935308' - 3.325" (3.24) 
Eq.3.24 is one of the analytical transfer functions extracted through curve 
fitting. The highest order of the polynomial S10 in both the denominator and 
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numerator suggests that six modes in total are used, in which four modes are 
curve fitted directly giving the order of S8, the out-of-band mode 1/(ms2 ) 
contributes S2, while 1/ K does not affect the ord~r. 
Mode shape product Value 
('1','1',), 1.4481 + 0.0000; 
('1','1'2), 1.4516 - 0.0000; 
('1','1'3), 0.8360 - 0.0000; 
('1','1'.), -0.0389 - O.OOOOi 
('1','1',), . -0.5453 - 0.0000; 
('1','1'6), -1.1183 
('1','1',), -1.4015 - 0.0000; 
('I', Ws), - 1.3078 + 0.0000; 
('1','1'9), -1.1380; 
('I', '1'10), 0.0097 + 0.0000; 
('I', '1'11), 0.8225 + 0.0000; 
('1','1'12), 1.1995 
Table 3.3: Modeshape products oftranslational mode(mode 1) 
Table.3.3 lists the twelve mode shape products of the translational mode 
(mode 1). It can be seen that the mode shape products are almost real, 
containing very little numerical residues of imaginary numbers (\Vhich cannot 
even be displayed by Matlab).· This means the mode shapes are basically real, 
since only the product of two real numbers can produce a real product. The 
real mode shapes are consistent with the type of our model, since the tyre 
belt is assumed to have proportional damping hence real mode shapes. 
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Figure 3.20: Translational mode 
Fig.3.20 to Fig.3.23 depict the mode shapes of the translation mode, first 
bending mode, second bending mode, and third bending mode respectively as 
well as their undamped' natural frequency and damping ratio. The plotted 
mode shapes lie' in expectation, while they all look symmetrical, no clear 
defects can be found, it can be said that these mode shapes are acceptable. At 
this stage, full modal analysis has been completed and the desired parameters 
have been all identified .. 
On the subject of how well the damping ratios match the proportional 
damping characteristic, no obvious conclusion can be drawn. This is due to 
I the fact that only four damping ratios are obtained, and in actuality, only 
three of them are associated with the tyre belt bending, since the first mode 
is the rigid ring translational mode. Having such a small group of samples 
is insufficient to suggest if relationship between these damping ratios follows 
the proportional damping assumption. 
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Figure 3.21: First bending mode 
15 
The approach developed in this study for identifying modal parameters 
has been introduced. The modal model used in this approach is the most 
general and simple proportional damping model which assumes the structure 
has real modes. Although in reality most structures do not possess such a 
characteristic, this method is still a very convenient tool to deal with modal 
analysis. This is due to the dramatic simplification of the curve fitting process· 
finding the analytical expression of the structure's transfer function. Either 
the target structure is being lightly damped, heavily damped or possessing 
heavily coupled modes, it can be easily tackled by using this approach. Never 
the less, the efficiency of this approach is extremely good, accurate results can 
be obtained almost instantaneously when dealing with three to four modes 
at a time. It can be said that this study has developed· a simple and fast 
method to tackle modal parameter identification. 
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Figure 3.22: Second bending mode 
3.4 Existing problems and recommendations for 
improvements 
In this section, summary on the existing problems found during the modal 
testing will be largely focused, misconceptions, and recommendations for 
improvements will also be addressed. The tyre modal testing was originally 
intended to identify the tyre's I~wer order modes only, later it was extended 
to a higher frequency range for the bending modes as well. Despite the issue 
on exciting the torsional mode, the objective of identifying the tyre's modal 
parameters has been mostly achieved. More importantly, a new parameter 
identification approach was established, it finds the balance between model 
, 
complexity and accuracy, as well as efficiency. Although there is not much 
theoretical novelty of this approach, its true value lies on its practicality. As 
a result, the tyre modal analysis in this study can be regarded as a success 
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Figure 3.23: Third bending mode 
to a large extend. 
3.4.1 'Existing problem 
The most obvious problem still exist is the failure of exciting and iden-
tifying the torsional mode. As shown in Fig.3.24, when the accelerometers 
were placed at different location measuring different directions, location a 
which is supposed to detect both the torsional and the translational modes 
only manage to pick up the translational mode; location b which is supposed 
. to pick up the torsional mode solely, yet fail to measure anything near the 
natural frequency of the translational mode. The reason is believed to be the 
practical difficulties when applying the excitation. 
The impact block has to have sufficient surface area to be attached to the 
tread, as well as sufficient area for the hammer to deliver the impact which 
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Figure 3.24:, Comparison between different torsional mode excitation, a: ac-
celerometer parallel to impact direction, only translation mode detected. b: 
accelerometer 900 tangential of impact direction, no torsional mode found 
near known translation mode. Both tests found rig vibration around 50Hz. 
results in great volume. This requirement contradicts to weight requirement 
of. the impact block." During the test, it is found that the tyre requires 
heavy impact to excite, as a result, it requires a strong attachment as well. 
Without enough area to ''land'' the impact, little excitation can be found. 
Possible solution to this problem is designing an impact block whose shapes 
can satisfy the requirements of having sufficient area for attachment and 
impact. Further investigation should be carried out on this matter in order 
to find out the exact reason and solution. 
Another important issue deserved addressing is the detection of the tyre 
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rig vibration. According to the SAE J2710, a preliminary test should be 
carried out to find out the lowest natural frequency of the tyre mass attached 
on the test rig before the actual test is carried out. It can be achieved 
by mounting a lump mass which has the same weight as tyre mass on the 
rig and perform a modal test on it. The lowest vibration frequency found 
should be much higher than the interested frequency range of tyre vibration 
modes, otherwise, modifications such as reinforcement on the rig structure 
should be applied. In this study, due to the lack of experience, this vital 
preparation step was not appreciated nor was the test carried out, as a result, 
the unwanted resonance peaks just below and above 50Hz show up in a few 
tests -creating confusions and potentially causing damage to test accuracy. 
Also, the bolts connecting the tyre to the rig should be examined and making 
sure the tyre rim is properly mounted. Furthermore, the base of the test rig 
should be examined before actual test was carried out. There should not 
be any wobbles at the base, weights can be added to it in order to increase 
stability. If circumstances allowed, the tyre rig should be bolted firmly to 
the ground. All these issues might seem to be insignificant details, however, 
being careless on any of those can lead to failure of the analysis. Before each 
. test, importance of these details should be appreciated, examinations should 
be carried out .. 
On the approach of applying excitation, heavy hammer is preferred in or-
der to deliver heavy impact to excite the tyre belt structure properly. Impact 
signal should be examined to determine if the test data is useful. The band-
width of a useful input signal should be greater than 300Hz [21], no "double 
taping" should be found. On the subject of sampling rate of recording both 
the input and response signals, it is found that 2000Hz for each signal is suffi-
cient since there is no presence of obvious content beyond 1000Hz, generally 
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speaking. 
The work presented in this section has highlighted some of the difficulties 
related to tyre modal testing. In terms of set-up, it is important to achieve 
a rigid mount for the tyre. The pros and cons of using an impact block have 
also been discussed. In terms of exciting the tyre, the heavy hammer has been 
selected due to its ease of use and speed of testing. However, it was found 
that certain modes, such as the rotational mode have ~een difficult to excite. 
This, in combination with a relatively flimsy mount call for additional caution 
when post-processing the results and interpreting the mode shapes. Finally, 
the mode shape extraction technique based on partial curve fitting has yield~d 
relatively accurate mode shapes and damping ratios. This method is robust 
and easy to implement and offers an alternative to computationally expensive 
multi-parameter identification methods. 
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Chapter '4 
Proposal for relaxation length 
testing 
In this chapter, the proposal of the relaxation length testing will be intro-
duced. The target parameter relaxation length belongs to the Single Contact 
Point model which is a low bandwidth transient model, whose theory has 
been introduced in Chapter 2. Since the test is still in planning stage, the 
focus of this chapter lies on explaining the principles of the test, feasibility of 
implementation, as well as the design of the test procedure and mechanical 
system: 
4.1 Description of the tyre test rig' 
The test will be carried out on an existing tyre test rig, which was orig-
inally designed for tyre steady-state property tests. As shown in Fig.4.1, 
during the experiment, the tyre rig will be bolted to the floor while the test 
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tyre will be running on one of the rolling drums. There is ABS brake system 
installed on the rig, as well as the steering and camber mechanism, one can 
apply longitudinal slip or lateral slip on the tyre. In order to measure the slip 
ratio and tyre force during the test,. there are a number of sensors mounted 
on the rig. Specifically, slip ratio and steady-state tyre force in both lateral 
and longitudinal directions are what the sensors measure. 
Figure 4.1: Tyre test rig, A: strain gauges, B: ABS wheel speed sensor, C: 
steering angle sensor 
(1) Lateral/longitudinal slip ratio measurement 
• Longitudinal slip ratio: it is calculated using If, = re·n v, where 11: Vii)' x 
is the rolling drum surface linear speed, which is monitored and con-
trolled; n is the rotation speed of the test tyre, it is measured by the 
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Figure 4.2: Schematic view of ABS wheel speed sensor, 1 Permanent magnet, 
2 Housing, 3 Soft-iron core, 4 Coil, 5 Ring gear. [79]. 
ABS wheel speed sensor. The speed sensor is passive type, the sig-
nal generation does not require external power. Its schematic view is 
shown in Fig.4.2. The effective rolling radius Te is normally obtained 
from known same size tyre . 
• Lateral slip: lateral slip is obtained using tana where a is angle which 
the test tyre is steered. It is measured by the steering angle sensor. As 
shown in FigA.3, a larger gear mounted on the steering axle drives a 
smaller gear through a timing belt. Such set up enables magnification 
of the rotation movement on the smaller gear can be achieved. The 
smaller gear is connected to a potential meter where there is external 
voltage applied on it during operation. As a result, the change of the 
steering angle is reflected by the change of resistance and ultimately 
the voltage signal. 
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Figure 4.3: Steering angle sensor. 
(2) Tyre force measurement 
Figure 4.4: Strain gauges attached on the fork surface. 
Tyre forces are obtained by first measuring the strain generated on the 
.. fork surface and then multiplied by its material stiffness. As shown in Fig. 
4.4, the strain gauge coils are wrapped around the fork. During operation, 
voltage is applied on the coil circuit. Deflection on the fork caused by external 
force changes the resistance of the circuit and ultimately the voltage which 
is measured. The strain can then be calculated using relevant relationships. 
On this rig, both longitudinal and lateral tyre forces can be measured. 
·1 
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4.2 Testing principle 
Measurement oftyre forces using the strain gauges mounted on the rela-
tively compliant fork is appropriate for slowly varying slip, whereby the fork 
has enough time to attain its steady-state deflection and provide an acc~rate 
force reading. As the frequency of the slip excitation increases, the dynamic 
response of the fork itself will add phase lags on top of those introduced by 
lagging tyre behavior .As a result, the measured signal on the strain gauge 
contains the response of both the rig and the tyre. Identifying the relax-
ation length by measuring the response signal on the strain gauge becomes 
inaccurate. 
Solution to the problem cannot be sought towards applying modifications 
, 
on the wheel knuckle due to obvious structure constrains.· The only option is 
to make use of the defect instead of avoiding it. When the longitudinal tyre 
force is generated through applied braking, deflection of the wheel knuckle 
is expected to be very small. As a result, tyre mass and the rig's flexibility 
can be modelled as a linear SDOF system. Furthermore, since the rolling· 
drum machine is not designed for tyre testing, the curvature on the drum is 
! expected to make sliding friction characteristics different from the sliding of 
a tyre generated on normal flat roads. As a result, this test will be limited 
in low slip range only. In which case, a steady-state test has to be first car-
. ried finding the linear slip range and the corresponding brake force required. 
Afterward, the transient test will be performed within this range avoiding 
sliding friction being generated. 
With the SDOF assumption shown in Fig.4.5, the equation of motion of 
the tyre and rig system can be written as: 
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Figure 4.5: Schematic view of tyre rig SDOF system 
(4.1) 
(4.2) 
x: deflection of tyre mass. 
x: acceleration of tyre mass with respect to the rig. 
M: mass of tyre. 
K.: rig spring rate. 
CF.: tyre braking stiffness: 
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",': transient longitudinal slip. 
C1 x: longitudinal relaxation length. 
V: rig forward speed. 
w: tyre rotation speed. 
In order to solve the equations, Eq.4.2 is first rearranged as: 
, M.. K. 
y;, == --x + --x 
CF" CF" 
(4.3) 
Substitute Eq.4.3 into Eq.4.3 gives: 
M III M" Ks ' Ks Vxy;, == O",,-C X + -C x + O",,-C X + -C X 
FI';. FI\. FK. F,.. 
(4.4) 
Where: 
x"! tyre mass acceleration rate of change. 
x" tyre mass acceleration 
x' tyre mass velocity 
x tyre mass displacement 
V. the linear speed of rolling which can be monitored and controlled by 
the rolling drum machine. y;, is the desired slip or steady-state slip. Which is 
calculated during testing as follows: y;, == wR. - V./v;" where w is the wheel 
rotation speed and Te is the effective rolling radius, it can be obtained by 
estimation or referencing known same size tyres. x" can be measured by an 
accelerometer mounted along the longitudinal direction. x"', x' ,x in theory 
can be calculated from x" using differentiation and integration. However, 
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from the simulations carried out in Simulink, when the measured signal is 
mixed with noise, it is found that high frequency noise in x'" can be magnified 
through differentiation while integration can magnify low frequency noise 
mixed in x' ,x, x in particular. 
Though the finding of this potential problem does not necessarily suggest 
it will be the case in the actual tests, solution is still prepared. Instead of 
only measuring x", x will also be measured using a laser sensor. x' and 
x'" will then be calculated by differentiating x" and x. The drawback of this 
solution is that more measurements introduce more uncertainties. Also, more 
equipment is needed which makes the test less straight forward. If necessary, 
low pass filters can also be used in order to minimize the corruption of high 
frequency noise. 
Suppose all the signals are obtained, the next step will be extracting the 
model's parameters. The Least Square method will be used for the task. 
The overall error between measured input v"K and estimated parameters of 
Eq.4.4 can be written as: 
For the sake of simplicity, let UK.,¥- = A, .,¥- = B, uK.ff..a- = C and UF~ VFK VFK 
K . III 11 b ' 
.;.;L. = D, while x = a, x = ,x = c and x = d, finally, let VxX: = E (JPK 
Eq.4.5 becomes: 
Er = Aa + Bb + Cc + Dd - E (4.6) 
According to the principle of least squares, the sum of squares of the error 
has to be minimum, take partial derivative of A,B,C and D separately gives: 
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aEr2 . . 
aA = LAa2+ LBab+ LCae+LDad- LEa=O 
aEr2 
aB = L Aab+ L Bb2 + L Cbe + L Dbd - L Eb = 0 
aEr2 
ac =LAae+LBbe+LCe2+LDed-LEe=O 
aEr2 
aD = LAad+ LBbd+ LCed+ LDd2 - LEd= 0 
Where 
B =.,¥.. 
vFK 
D =.!f..-C;FK 
Substitute measured and calculated a,b,e, and d in to the four equations, 
A,B,C,and D can be obtained by solving the four linear equations. The 
relaxation length Uk can be obtained by either AIB or, CID. A modal 
testing of the tyre rig can be performed in order to find out. the mass M 
in the SDOF system, and the braking stiffness CFK can be calculated after 
obtaining U K and M. Also, a steady-state tyre force testing can be carried 
out to determine CFK for the purpose of verification. 
The tyre rig dynamic model has been built in Matlab, simulations have 
been carried out in order to test the least square method. Additional wide 
bandwidth noise blocks are added to the system simulating the real environ-
ment. Combining with the use of low-pass filters, the least square method 
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Parameters Calculated Estimated Error 
A 899 X 10-3 900 X 10-3 0.041% 
B 2.2019 2.2023 0.021% 
C 1.5 x 10-' 1.39 X 10-' 6.9% 
D 2.07 x 10-' 2 X 10-' 3.5% 
Table 4.1: Estimated parameters and calculated parameters through least 
square method. (units of A, B, C and D are omitted due to no physical 
meanings are possessed by them.) 
is able to produce satisfactory results. Calculated parameters are consistent 
with the parameters used in the model quite well as shown in Table 4.1. 
Specifically, in Table 4.1, which shows one of the simulation results, there 
are estimated and calculated parameters A,B,C and D. In order to construct 
the tyre rig model for simulations, its parameters have to be assumed be-
forehand, hence, we have the A, B, C -and D calculated directly using the 
known model parameters. After the simulation is performed,. the noise cor-
.' - 111111 
rupted response sIgnals are generated and stored, namely the x ,x ,x and 
x. These are the signals measured in the actual tests. Using these "mea-
sured" signals to perform the least square method, the estimated A,B,C and 
D are obtained. Comparisons can then be made between the estimated and 
calculated A, B, C and D to verify whether obtaining tyre parameters in 
such a way is feasible. As shown in Table 4.1, the good agreement between 
the estimated and calculated A,B,C and D suggest that the test method is 
effective. 
Parameters A,B,C and D are formed by the parameters of the relaxation 
length model and the SDO F model, as already mentioned. In the simulation 
environment, the models' parameters have to be assumed in order to con-
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struct the models. The estimated A B C ana D are formed by these assumed 
parameters. 
. !.----~ 
Figure 4.6: Tyre rig dynamic model 
I--'->I'<:>---.! 1, I--.-<D 
.~ -
Figure 4.7: Single Contact Point submodel, the output is transient slip ratio. 
Fig4.6-Fig4.8 depict the tyre rig dynamic model constructed in Simulink. 
During the simulations, several types of low-pass filters such as the Butter-
worth and Cheby I/II are tested separately. It is found that the Cheby II 
filter which having less ripple in the passband, and shaper cut-off bandwidth 
[74, 751 produces better results, compared to the Butter-worth or other low-
pass filters. 
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wblte DoISf: blotk-
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Figure 4.8: SDOF submodel, noise block and low-pass filters are used. 
The principle of the test and data processing procedure has been intro-
duced, one might argue the assumption presented is not rigorous, since the 
vibration of wheel knuckle involves a longitudinal velocity of the tyre mass, 
the actual forward speed of it should be Vx - x' rather than Vx' Whether 
x' can be ignored relative to Vx is unknown, even it has to be taken into 
consideration, modification is merely changing Eq.4.2 into Eq.4.7, the rest of 
the steps can follow the same procedure. This modified version of the model 
is also established and tested. 
O'x ~~' + (V -x)/V' = wR - (V - x) (4.7) 
Although the vibration of wheel knuckle has been assumed existed, which 
is reasonable for obvious reasons, the frequency range it lies in is not known. 
Since the whole test relies on the longitudinal vibration of the wheel knuckle, 
it is helpful to perform a preliminary test to find out the natural frequency 
of this SDOF system. This can be achieved by carrying out modal testing 
on the wheel knuckle in the longitudinal direction. 
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4.3 Design of brake system and accessories of 
test rig 
• 
During the relaxation length tests, in order to apply longitudinal slip, a 
brake system. has to be installed. Initially, the tyre rig is equipped with a 
pneumatic brake system where braking force is generated by compressed air 
supplied by a compressor. However, during the preliminary tests, it is found 
that compressed air is not powerful enough to generate braking force on the 
brake disc. As a result, the more powerful hydraulic brake system has to be 
employed. Following the general rule of designing mechanical systems, the 
design of this hydraulic brake system must achieve two goals, which are good 
functionality and reliability. 
Functionality wise, this brake system is for multi-purpose use. It re-
quires the system being able to perform steady-state tests as well as creating 
periodic brake motion generating low slip on the tyre. Furthermore, the ca- . 
pability of achieving 100% slip ratio (wheel lock) is required as well .. In terms 
of the control, components which regulate the hydraulic flow and pressure 
should be monitored and controlled by the computer. In other words, they 
should be designed automated. 
Knowing the objectives, a hydraulic circuit in analogy to the design which 
is used on normal vehicles (Fig.4.9) is established. The reason of choosing 
such a design is mainly due to its functions are what required by our test. 
Nevertheless, the design has been proven successful and equipped on modern 
vehicles. The hydraulic circuit diagram is shown in Fig.4.10. The hydraulic 
pressure is provided by a power pack driven by compressed air. This type of 
power pack is able to provide pressure up to 210 bar using only a few bars of 
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---- -----------------------------------------------------------------~---
Return pump 
Figure 4.9: Typical ABS hydraulic circuit [76]. 
supplied compressed air. The generated hydraulic pressure from the power 
pack is pulse-like, due to its working principle. In order to provide smooth 
braking force, a damper is connected to the main circuit to dampen out the 
impulse [79]. The pressure level in the circuit is regulated by a manual/signal-
controlled pressure regulator. Non-relieve type is chosen in order to make the 
piping easier, where no returning pipe is required .. 
The periodic brake action is provided by the opening and closing of two 
solenoid valves. In Fig.4.10, valve A is a 2/2 normally open valve, while valve 
B is the same type but normally closed. As a result, when valve B is opeIJ. 
to reduce brake pressure, valve A is closed in the same time; when valve A is 
open again to recover brake pressure; valve B will be closed in order to hold 
the pressure. The control of the valves' opening and closing is achieved by 
computer generated signal. Up stream of valve b, a check valve is connected 
, 
making sure the flow can only go in one direction. 
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Figure 4.10: Design of hydraulic circuit 
A secondary circuit can be connected to the main brake circuit through 
two quick release couplings sharing the hydraulic pressure supply if the hy-
d~aulic cylinder for generating vertical load design is chosen. This secondary 
circuit consists of a 4/3 valve and a hydraulic cylinder which is used for 
applying vertical load on the tyre. 
Choosing valve A being normally open and valve B being normally closed 
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is for the function of steady-state test; When the time consuming steady-
state tests are required, the brake system can be used directly, no control. 
signals are required. The manual on-off by-pass valve is for pressure releasing 
purpose at the end of the test or during emergency situation, it must be closed 
during all tests. 
Before the hydraulic flow goes back to the reservoir, it will pass a flow 
regulator. The flow regulator regulates the flow rate during the transient 
test, which ultimately regulates the speed of the brake movement. Note that 
there is no safety valve in the circuit as a normal hydraulic circuit does, this 
is due to the power pack has the ability to stall and maintain at the desired 
pressure, which the hazard of overloading or overheating is minimized if it is 
operated properly. 
Having designed the circuit, the next step is to size the power pack, as the 
rest of the components are chosen based on the power pack capability. Note 
that the calculation performed is merely a rough assu~ption which margin 
has to be left. 
During the preliminary tests, when the 8 bar air pressure is applied to the 
suspended tyre, little effect i~ achieved by the brake. The tyre can be rotated 
by hand without any difficulties, based on that, it can be expected when 
tyre is applied with normal load, far more pressure is required to generate 
any braking. The most direct way to calculate how much brake pressure 
is required is based on the master cylinder size on a vehicle. Suppose the 
diameter of the master cylinder d == 15mm, with the aid of leveraged brake 
pedal and vacuum booster, maximum force applied to the master cylinder 
is F == 2000N. Hence, maximum pressure can be applied is p == F/(n: x 
(d/2)2) == 1.3187pa == 112bar. This calc~lated pressure has not considered 
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the amount of force which has to overcome friction between components, 
actual pressure required is expected to be higher. For the sake of having 
more flexibility for uncertainties, the HEYPAC GX Series power pack which 
able to provide maximum pressure up to 210 bar is chosen. 
Components Quantity Description 
Power pack: HEYPAC GX Series 1 30:1 air/oil ratio Pm..u: = 210bar 
2/2 spool valve 2 up to 250bar 
Check valve 1 1 bar open pressure 
Flow regulator 1 up to 350 ,bar up to 300l/min 
Pressure regulator 1 up to 250 bar 
Table 4.2: List of components and corresponding specifications 
Table.4.2 lists the major components and their specifications. Pressure 
available range from the power pack is 42-21Obar, question may arise that 
if the minimum pressure is too high for small slip. The exact answer is 
, unknown, since tyre will be applied with vertical load, if the minimum 42 
bar is too high, it' only means tests are not available for vertical load below , 
certain level. Further detailed descriptions of the hydraulic components can 
be found in Appendix E. 
Besides the hydraulic system, the loading machine for applying vertical 
load to the tyre is also needed. There are two objectives, one is to apply 
vertical load up to certain level, the other is the design must be able to 
monitor the load applied. 
The design of loading machine is shown in Fig.4.11. It consists of three 
major components, which are the loading platform which will be attached to 
the moving frame of tyre rig; a spring strut, which connects the loading phlt-
form and load generator, a displacement sensor is attached on both ends of 
the strut, with the known spring stiffness, how much force is applied can be 
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Figure 4.11: Schemetic view of load machine, a: scissors jack as load gener-
ator, b: hydraulic piston as load generator 
calculated easily. On the choice of load generator, two options were consid-
ered. One is using a double action hydraulic cylinder, with its displacement 
controlled by computer based on the feedback signal coming from the dis-
placement sensor. ,The other option is much simpler. Using a jack screw 
normally used for lifting cars, vertical load will be manually applied. Com-
paring the two designs, using hydraulic piston is obviously more automated, 
but it also requires an additional hydraulic circuit which is independent from, 
the brake system hydraulics. On the contrary, using the jack screw is more 
physical demanding while no additional system will needed. Reliability wise, 
, the jack screw design clearly has less 'chance to fail due to its simple structure 
'. and less components involved, also, it costs far less. 
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Which design will be chosen has not been decided yet, it will be deter-
mined by factors such as budgets and specifications on installation after the 
brake system has been installed. One feature worth mentioning is both ends 
of the spring strut 'are connected through ball joints, which allows vertical 
misalignments. This feature can avoid stress build up at the connecting 
, points which could cause failure. 
4.4 Problems discovered during preliminary tests 
So far, a few preliminary tests have been carried out in order to test the 
strain gauges, and rotation speed sensor. The sensors have been properly 
installed. The signals obtained can be used for analysis directly. However, 
problems are also discovered, despite the lack of braking force on the original 
pneumatic brake, one problem which can potentially cause serious damages 
to the test is also found. 
When the rig is mounted on the rolling drum running at certain speed, 
what has been observed is the moving frame on the rig exhibits periodic ver-
tical movements. Furthermore, when the test tyre is run at certain speed, 
the vertical motion becomes most severe, which is a clear indication of reso-
nance. The tyre vertical spring and the test rig moving frame form a SO OF 
system. when the rotation speed of the tyre matches the natural frequency 
of this system, the vertical movement intensifies. After examining the tyre, 
it is found that the external input to this SOOF system is coming from the 
out of roundness on the test tyre as shown in FigA.12. 
The solution to this problem can be adding a damper to the system as ' 
depicted in FigA.13. In order to find out the suitable damper to suppress the 
unwanted vibration, a modal testing can be carried out on the vertical SOOF 
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Figure 4.12: Moving frame vertical movement caused by deformed tyre. 
system. This modal testing can reveal the vertical tyre spring stiffness. It can 
be achieved by attaching an accelerometer on the tyre rig moving frame to 
measure the vertical response signal. The external eXGitation can be applied 
by either running the test tyre across a wide speed range (in analogy to 
using a shaker applying frequency sweep) or simply lift the moving frame and' 
drop it on the ground(in analogy to impact test). Apparently, the natural 
frequency of this SDOF system varies when the rig's conditions are changed. ' 
Specifically, the alternation of the moving frame mass or the' tyre vertical 
stiffness (which is mainly determined by its inflation pressure) could change 
this SDOF system's .natural frequency. In an initial test, where the test tyre 
is at 2.2bar pressure and the moving frame has no additional weight added 
on, a slow sweep test found at around 4Hz, the vertical movement of the 
moving frame is maximized. 
By choosing a suitable damping radio (, knowing the total vertical spring 
stiffness (tyre vertical spring plus spring strut stiffness) and the mass of the 
system, the damping coefficient c of the damper can be calculated using 
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Figure 4.13: Solution to rig vibration problem 
The solution is expected to solve the problem effectively, otherwise, al-
ternative solutions such as modifying the moving frame are also available. 
4.5 Chapter summary 
In this chapter, the principle of the proposed test and the design of the 
test procedure have been introduced. Major design work required such as 
the hydraulic brake system and loading machine is also briefly explained. 
Although the theory behind the test is quite simple, when it is converted 
into a real test, much effort is required to deal with real problems. 
Since all the components and equipments involved in this test is not tailor-
made,' for example, rolling drum machine is n'ot designed for tyre testing 
which has curvature problem and the tyre rig is only designed for steady-state 
tests. The pursuit of functionality should stop after objective has reached 
certain level. The expectation of the design's ultimate capability should not 
be too high. 
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Note that the introduction of design work only covers the hardware, signal 
acquisition and control signal generation has barely been mentioned. This is 
due to these software is all determined by the data acquisition card whose 
capability is not known yet. Briefly, for the transient test, data acquisi-
tion involves measurements of acceleration and displacement signals in real 
time. The slip ratio involves calculation of the wheel rotation speed and the 
drum rotation speed. Control signal generation mainly deals with the on-off 
solenoid valves for the periodic brake motion. The control signals of the two 
solenoid vales are the same,. only with phase difference. The phase differ-
ence between the two valves determines the amount of hydraulic fluid to be 
applied and released which results in different response rate on the brake . 
. These control signals are expected to be step/sharp ramp signals. 
Overall, in this preparation stage, most of the work has been accom-
plished. During the design process, the principle of keeping the design as 
simple as possible while achieving the desired objective is always followed. 
For the next stage, hydraulic components have been ordered. The next step 
will be the installation and test of machinery as well as software. 
101 
Chapter 5 
Conclusions and recommendation 
for future work 
5.1 Conclusions 
The first aim of the work presented in this thesis has been the development 
of an efficient, cost-effective technique for tyre modal testing in order to pro-
vide natural frequencies, mode shapes and damping ratios, all required by a 
number of high fidelity tyre models. The impact hammer was chosen for the 
ease with which one can apply the necessary excitation and the subsequent 
savings in test-time. This choice has been proven effective, however, there 
has been a major drawback. In particular, it was found difficult to excite 
certain modes, especially the first torsional mode of the tyre. In addition to 
this, the methodology proposed by SAE for the determination of the lower 
order modes of a tyre has been tried and assessed. It was found to be quite 
difficult to focus on the lower order modes only, especially when the mounting 
of the tyre was not rigid enough. Such difficulties arose from the fact that the 
method proposed by SAE relies on the assumption that the first resonaIices 
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result from the tyre belt vibrating with respect to the fixed rim. It was found 
that this assumption does not hold in all test cases. A relatively compliant 
mount might introduce additional resonances, difficult to distinguish from 
the belt's vibration. Consequently, it was found that a full modal identifica-
tion approach, capable of identifying the mode shape corresponding to each 
resonance is absolutely essential. In turn, the post-processing technique for 
the derivation of the mode shapes was shown to be effective. The method 
developed is easily implemented in MATLAB using the built-in parameter 
identification functions and a partial curve fitting strategy, making use of the 
effect of out-of-band terms in the FRF. Using this approach it was possible 
to successfully identify a number of radial modes and their corresponding 
frequencies and damping ratios. 
The second aim focused on the determination of the relaxation length 
using a low-cost tyre test rig. The approach was developed based on an ex-
isting test-rig, but it is applicable to any rig incorporating a compliant wheel 
mount/fork. Simulations using noise-corrupted signals delivered very promis-
ing results and the relaxation length was identified simultaneously with the 
braking stiffness. In this process, it is essential to know the mass and or stiff-
ness of the relevant mode of the test rig, parameters that can be obtained by 
straightforward modal testing on the test rig. The tyre parameters dealt with 
in this thesis can be used in a number of modelling situations, such as in tyre 
models for handling manoeuvres (relaxation length and braking/cornering 
stiffness) .or ride studies (structural parameters). In any case, the user does 
not need to resort to expensive tyre testing, or the purchase of expensive 
testing machines. Most of the tests can be carried out in typical dynamics 
laboratories and/or a chassis dynamometer. 
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5.2 Recommendation for future work 
In the area of. tyre modal testing, a more thorough approach would be 
beneficial in the future. Repeating the measurements with a sturdier mount 
will most definitely provide more dependable results. It would then be pos-
sible to further improve the post processing procedure in order to obtain yet 
more accurate mode shapes. In terms of excitation, a shaker might improve 
the accuracy of the results in the expense of additional effort. A comparison 
between shaker- and hammer-obtained results will reveal whether the extra 
effort is worthwhlIe. 
In terms of relaxation length testing, the next step is to carry out the 
physical test on the rig. The type of transient braking excitation for best 
results is an issue that requires further investigation. Most of the virtual 
tests were carried out using a sine-wave but this is difficult to achieve cheaply . 
during braking and other inputs such as saw-tooth or step inputs might be 
more realistic. In addition, it would be interesting to equip the existing test-
rig with a means of applying transient lateral slip excitation so as to extend 
the identification concept to the lateral case. During the actual experiment, 
sensor performance will play· an important role, especially when it comes 
to measuring. the displacement of the fork. This aspect is likely to require 
attention in terms of filtering and is related also to the type of excitation 
that will be used during testing .. 
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List of Symbols 
b 
B 
C' 
c 
(j 
d 
D 
E 
F 
I 
m 
!VI 
k 
K 
[( 
width of the beam 
Magic Formula stiffness factor 
viscous damping 
Magic Formula shape factor 
mass normalized damping matrix 
tyre braking stiffness 
height of the beam 
Magic Formula peak factor ; bending stiffness 
Magic Formula curvature factor; Young's moudulus 
force (with x, y, z components) 
bending stiffness 
mass 
normalized mass matrix 
stiffness 
membrane stiffness 
mass normalized stiffness matrix 
sidewall stiffness per unit length 
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K, tyre rig stiffness 
n modal number 
N tension force 
p pole of transfer function 
Po tyre inflation pressure 
q excitation force (with radial, tangential components) 
r residue of pole 
R radius 
s Laplace variable 
S H Magic Formula horizontal shift 
Sv Magic Formula vertical shift 
t time variable 
u deflection (with radial, tangential components) 
V tyre speed of travel 
x longitudinal/ lateral slip; deflection 
y Magic Formula output 
z zero of transfer function 
characteristic equation of transfer function 
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\ 
1] modal participation factor 
An natural frequency constant; solution of characteristic equation 
() angle 
p material density 
a K longitudinal relaxation length 
a Q lateral relaxation length 
I'(, tyre longitudinal slip 
1'(,' tyre longitudinal transient slip 
W frequency; tyre rotation angular speed 
Wn undamped natural frequency 
Wr resonance frequency 
( damping ratio 
1J! eigenvector matrix 
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Appendix A· 
FRF plots of twelve measurement 
points 
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Figure A.I: FRF of measure pOint 1 
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Figure A.2: FRF of measure point 2 
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Figure A.3: FRF of measure point 3 
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Figure A.5: FRF of measure point 5 
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Figure A.6: FRF of measure point 6 
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Figure A.7: FRF of measure point 7 
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Figure A.8: FRF of measure point 8 
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Figure A.9: FRF of measure point 9 
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Figure A.lD: FRF of measure point 10 
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Figure A.11: FRF of measure point 11 
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Figure A.12: FRF of measure point 12 
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Appendix B 
Matlab script calculates FRF 
using measured input and 
response signals 
clear all 
close all 
clc 
%%%%%%%%%%%%%%%%%%%%%%Y.%%%%%%X%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%1.%%%%% 
%This script calculates Frequency· Response Function from measured signal% 
%and coherence 
load p12_3.dat 
Fs=5e3; 
data=p12_3 ; 
raw_in=data(:,3); %hammer impact signal 
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I 
raw_res=data(:,end); 
indecies=1.8515e4:5.9168e4; 
in=raw_in(indecies); 
a=O.002534; 
in=in-a; 
res=raw_res(indecies); 
res_off=O.0029; 
res=(res-res_off); 
%tyre response 
%signal. initial offset 
%zeroing impact signal· 
%response initial offset 
%zeroing response signal 
%force window for impact signal 
force_win=zeros(length(indecies),l); 
peak=find(in==max(in»; 
force_win(1:peak(end)+30)=1; %force window 
in_mo=in.*force_win; 
%exponetial window for response signal 
sig=( (length(iMecies) -1) /Fs)/4; %exp window time constant 
res_win=exp(linspace(O,length(indecies)-l,length(indecies»*-sig/Fs); 
res_mo=res.*res_win'; 
%=======~================================================================== 
impact=in_mo; 
response=res_mo; 
%%FFT response 
L=length(response); 
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NFFT = 2~nextpow2(L); 
response_f= fft(response,NFFT)/L; 
response3=response3(i:NFFT/2+1) ; 
f = Fs/2*linspace(O,1,NFFT/2+1); 
%FFT input 
impact_f= fft(impact,NFFT)/L; 
impact_f=impact_f(1:NFFT/2+1); 
%FRF 
FRF=response_f./impact_f; 
phase=rad2deg(angle(FRF»; 
freq=find(f<=300); 
freq=freq(end); 
f=f(l:freq); 
FRF=FRF(l:freq); 
Magll=2*abs(FRF); 
phaseH=phase(l:freq) ; 
subplot(2,1,1) 
% plot(f(l:freq),real(FRF» 
% xlabel('Frequency (Hz)') 
% ylabel('real part') 
semilogy(f(1:freq),2*abs(FRF» 
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%Next power of 2 from length of y 
xlabel('Frequency (Hz)') 
ylabel('Magnitude') 
subplot(2,1,2) 
plot(f(l:freq),imag(FRF» 
% xlabel('Frequency (Hz)') 
% ylabel('imaginary part') 
plot(f,phase(l:freq» 
figure (2) 
mscohere(impact,response,[] ,[] ,NFFT/2,Fs); 
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-----------------
%coherence plot 
Appendix C 
Matlab script extracts mode 
shape products 
clear all 
clc 
close all 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%this script calculates the mode. shape 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%product in the partially identified 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%frequency response function 
load FRF112 
FRF=FRF112 ; 
data=FRF112(1900:2350,:); 
plot(data(:,1)/(2*pi),abs(data(:,3») 
h=data(: ,3); 
w=data(: ,1) ; 
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%portion of data to be fitted 
%measure complex frf receptance 
.%frequency 
data=idfrd(h,w,l/5e3); 
model=oe(data,[6,6,O]); 
figure(l) 
compare (data,model) 
%getting residues, poles and direct term 
stf=d2c(model); [num,den]=tfdata(stf, 'v'); 
num=cel12mat(num(1)); 
den=cel12mat(den(1)); 
[r,p,k]=residue(num,den) 
%store FRF data to idfrd dt=1/5e: 
%prediction error estimate Outpu· 
%compare raw data with fitted da· 
%obtain polinonmial coefficients 
%numerator polinonmial coefficieJ 
%denominator polinomial coeffici, 
%damping and undamped natural frequency of the ith mode 
% 89 120 144 170 %four mode's natural frequency iJ 
a=170*2*pi; 
im=abs(imag(p)); 
diffrence=abs(im-a); 
indecies=find(diffrence==min(diffrence)); 
lamda=p(indecies(l)); 
a=abs(real(lamda)); 
b=abs(imag(lamda)); 
zeta=sqrt(a-2/(a-2+b-2)) 
uw=a/zeta; 
.fre_Hz=uw/(2*pi) 
a=r(indecies); 
a=a(end:-1:1) ; 
129 
%poles of interested 
. %damping ratio 
%undamped natural frequency 
b=p(indecies) ; 
residue=sum(a.*b) 
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Appendix D 
Matlab Script plots mode shapes 
of the first four modes 
%thisscript plots Mnormal mode shapes calculated from curve fitting 
p1=[1.4481 + O.OOOOi; 
1.4516 - O.OOOOi; 
0.8360 - O.OOOOi; 
-0.0389 - O.OOOOi; 
-0.5453 - O.OOOOi; 
-1.1183; 
-1.4015 - O.OOOOi; 
-1.3078 + O.OOOOi; 
-1.1380; 
0.0097 + O.OOOOi; 
0.8225 + O.OOOOi; 
1.1995;] ; 
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p2=[2.9188; %1 
1.4446 + O.OOOOi; %2 
-2.1795 + O.OOOOi; %3 
-3.3356 - O.OOOOi; %4 
-1.4670 - O.OOOOi; %5 
2.5163 + O.OOOOi; %6 
4.0636; . %7 
1.2803 - O.OOOOi; %8 
-1.7071 + O.OOOOi; %9 
-2.7698 + O.OOOOi; %10 
-1.9658 + O.OOOOi; %11 
1,1420 + O.OOOOi;]; %12 
p3=[4.0548 + O.OOOOi; %1 
-0.3566 - O.OOOOi; %2 
-3.2584 - O.OOOOi; %3 
1.4697 + O.OOOOi; %4 
3.5940 - O.OOOOi; %5 
-0.2781 ~ O.OOOOi; %6 
-4.2866 + O.OOOOi; %7 
0.6225 + O.OOOOi; %8 
3.8568 - O.OOOOi; %9 
-0.0107 + O.OOOOi; %10 
-3.5565 + O.OOOOi; %11 
-0.3716 - O.OOOOi]; %12 
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p4=[5.6246 - O.OOOOi; 
-1.9595 + O.OOOOi; 
0.2264 + O.OOOOi; 
3.4703 - O.OOOOi; 
-2.1009 + O.OOOOi; 
-1.7725 + O.OOOOi; 
3.9920 + O.OOOOi; 
-2.6921 - O.OOOOi; 
-1.9940 + O.OOOOi; 
4.7979 + O.OOOOi; 
-1.4457 - O.OOOOi; 
-2.4521 + O.OOOOi]; 
P=p4; 
p=real(P) ; 
q(:,l)=p./sqrt(p(l»; 
q(:,2)=p./-sqrt(p(1»; 
%1 
%2 
%3 
%4 
%5 
%6 
%7 
%8 
%9 
%10 
. %11 
%12 
theta1=linspace(deg2rad(90),deg2rad(-240),12); 
r=10; 
def=r+q; 
[x,y]=po12cart(theta1,r); 
[a,b]=po12cart(theta1,def(:,1)'); 
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%mode to display 
%select only the real part of mod 
[c ,d] =po12cart (thetal ,def(: ,2)'); 
x=[x,x(1)]; y=[y,y(l)]; 
a=[a,a(1)]; b=[b,b(l)]; 
c=[c,i:(1)]; d=[d,d(l)]; 
thetal=linspace(deg2rad(00) ,deg2rad(360) ,200); 
[x,y]=po12cart(thetal,r); 
x=[x,x(1)]; y=[y,y(l)]; 
plot(x,y,'*-',a,b,'r~-',c,d,'r~-') 
axis equal 
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Appendix E 
Technical data of major hydraulic 
components 
E.1 Power pack 
• Model code: GX30-BSV-R1MDM31 
• GX30, air to oil pressure ratio is 1:30 
• Maximum air consumption: approx. 40 litres per sec. at 500 cycles per 
min. 
• Maximum air pressure: 7 BAR 
•. Minimum air pressure: 1.4 BAR 
• Maximum cycle speed : 500 cycles per min (intermittent duty). For 
continuous duty maximum cycle speed should be reduced to approx. 
50 -60 cycles per minute. 
• Air inlet - 3/4" NPT 
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K2 Solenoid valve 
.• Model code:KKDER1PA/HN9VR901070000 
• Maximum operating pressure: 350bar 
• Maximum flow: 55 l/min 
• Hydraulic fluid: Silicone based 
• Load cycles: 10 million (at 350 bar) 
• Type of voltage: 12v DC 
• . Power consumption: 22w 
• Switching time: ON: :-::; 80ms off:-::; 50ms 
• Maximum switching frequency s/h 15000 
E.3 Flow restrictor 
• Nominal pressure: 350 bar 
• Maximum flow: up to 300 l/min 
• Operating fluid: DOT 5 brake fluid purple 
136 

